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STRICTLY TORAL DYNAMICS
ANDRES KOROPECKI AND FABIO ARMANDO TAL
Abstract. This article deals with nonwandering (e.g. area-preserving) home-
omorphisms of the torus T2 which are homotopic to the identity and strictly
toral, in the sense that they exhibit dynamical properties that are not present
in homeomorphisms of the annulus or the plane. This includes all homeo-
morphisms which have a rotation set with nonempty interior. We define two
types of points: inessential and essential. The set of inessential points Ine(f)
is shown to be a disjoint union of periodic topological disks (“elliptic islands”),
while the set of essential points Ess(f) is an essential continuum, with typically
rich dynamics (the “chaotic region”). This generalizes and improves a similar
description by Ja¨ger. The key result is boundedness of these “elliptic islands”,
which allows, among other things, to obtain sharp (uniform) bounds of the
diffusion rates. We also show that the dynamics in Ess(f) is as rich as in T2
from the rotational viewpoint, and we obtain results relating the existence of
large invariant topological disks to the abundance of fixed points.
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Introduction
The purpose of this article is to study homeomorphisms of the torus T2 homo-
topic to the identity which exhibit dynamical properties that are intrinsic to the
torus, in the sense that they cannot be present in a homeomorphism of the annulus
or the plane. We call such homeomorphisms strictly toral (a precise definition is
given after the statement of Theorem A), and they include the homeomorphisms
which have a rotation set with nonempty interior (in the sense of Misiurewicz and
Ziemian [MZ89]). We will give a description of the dynamics of such maps in terms
of “elliptic islands” and a “chaotic region” which generalizes the one given by Ja¨ger
[Ja¨g11], and most importantly, we prove the boundedness of elliptic islands. This
allows to obtain sharp bounds of the diffusion rates in the chaotic region and has a
number of applications.
The first author was partially supported by CNPq-Brasil. The second author was partially
supported by FAPESP and CNPq-Brasil.
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2 ANDRES KOROPECKI AND FABIO ARMANDO TAL
To be precise with our terminology, let us make a definition. Let pi : R2 → T2 =
R2/Z2 be the universal covering. The homeomorphism f : T2 → T2 is annular if
there is some lift f̂ : R2 → R2 of f such that the deviations in the direction of some
nonzero v ∈ Z2 are uniformly bounded:
−M ≤ 〈f̂n(x)− x, v〉 ≤M for all x ∈ R2 and n ∈ Z.
If f is annular, it is easy to see that there is a finite covering of T2 such that the lift
of f to this covering has an invariant annular set (see for example [Ja¨g09b, Remark
3.10]), so that in some sense the dynamics of f in a finite covering is embedded in
an annulus. Therefore, in order to be strictly toral, a map f must not be annular,
and it seems reasonable to require that no positive power of f be annular as well.
However, this is not sufficient to qualify as strictly toral: in [KT12a], an example
is given of a homeomorphism f isotopic to the identity such that no power of
f is annular, but Fix(f) is fully essential. This means that Fix(f) contains the
complement of some disjoint union of open topological disks (in the case of our
example, just one disk). Such dynamics does not deserve to be called strictly toral:
after removing the fixed points, what remains is dynamics that takes place on the
plane. We mention however that a lift to R2 of such example has a trivial rotation
set {(0, 0)} but has unbounded orbits in all directions.
The boundedness properties of the dynamics of lifts to the universal covering
has been the subject of many recent works [Ja¨g09a, Ja¨g11, Ja¨g09b, KK09, Da´v13],
especially in the context of pseudo-rotations and in the area-preserving setting, or
under aperiodicity conditions. In particular, using the notion of annular homeo-
morphism introduced here, saying that some power of f is annular is equivalent to
saying that f is rationally bounded in the sense of [Ja¨g09b].
We also need to introduce the notion of essential points, which plays a central
role in this article. A point x ∈ T2 is essential for f if the orbit of every neighbor-
hood of x is an essential subset of T2 (see §1.4). Roughly speaking, this says that
x exhibits a weak form of “rotational recurrence”. The set of essential points of
f is denoted by Ess(f), and the set of inessential points is Ine(f) = T2 \ Ess(f).
Both sets are invariant, and Ine(f) is open. We restrict our attention to nonwan-
dering homeomorphisms (this includes, for instance, the area-preserving homeo-
morphisms). Recall that f is nonwandering if any open set intersects some forward
iterate of itself. In that case, it is easy to see that inessential points are precisely the
points that belong to some periodic open topological disk in T2 (see §2). Note that
this does not necessarily mean that Ine(f) is a disjoint union of periodic topological
disks, since there may be overlapping (for instance, Ine(f) could be the whole torus,
as is the case with the identity map). Our main theorem implies that in the strictly
toral case, Ine(f) is indeed an inessential set, in fact a union of periodic “bounded”
disks.
In order to state our first theorem, let us give some additional definitions. If U ⊂
T2 is an open topological disk, then D(U) denotes the diameter of any connected
component of pi−1(U), and if D(U) < ∞ we say that U is bounded (see §1.4 for
more details). We say that f is irrotational if some lift of f to R2 has a rotation
set equal to {(0, 0)}.
Theorem A. Let f : T2 → T2 be a nonwandering homeomorphism homotopic to
the identity. Then one of the following holds:
(1) There is k ∈ N such that Fix(fk) is fully essential, and fk is irrotational;
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(2) There is k ∈ N such that fk is annular; or
(3) Ess(f) is nonempty, connected, and fully essential, and Ine(f) is the union
of a family U of pairwise disjoint open disks such that for each U ∈ U ,
D(U) is bounded by a constant that depends only on the period of U .
Note that case (1) is very restrictive, as it means that the complement of Fix(fk)
is inessential. One can think of this as a planar case; i.e. the dynamics of fk can be
seen entirely by looking at a homeomorphism of the plane (since T2 \Fix(f) can be
embedded in the plane). We emphasize that case (1) does not always imply case (2),
as shown by the example in [KT12a]. Henceforth, by strictly toral nonwandering
homeomorphism we will mean one in which neither case (1) or (2) above holds.
Thus, if f is nonwandering and strictly toral, there is a decomposition of the
dynamics into a union Ine(f) (possibly empty) of periodic bounded discs which can
be regarded as “elliptic islands”, and a fully essential set Ess(f) which carries the
“rotational” part of the dynamics. Figure 1 shows an example where both sets are
nonempty.
It is worth mentioning that the nonwandering hypothesis in Theorem A (and
also in Theorem B below) is essential. Indeed, if f is a homeomorphism of T2
obtained as the time-one map of the suspension flow of a Denjoy example in the
circle, then fk is non-annular and has no fixed points, for any k ∈ N, but there
is an unbounded invariant disk (corresponding to the suspension of the wandering
interval).
The main difficulty to prove Theorem A is to show that if f is strictly toral,
there are no unbounded periodic disks. This is possible thanks to the following
theorem, which is a key result of this article.
Theorem B. If f : T2 → T2 is a nonwandering non-annular homeomorphism
homotopic to the identity then one and only one of the following properties hold:
(1) There exists a constant M such that each f -invariant open topological disk
U satisfies D(U) < M ; or
(2) Fix(f) is fully essential and f is irrotational.
Applications. If f : T2 → T2 is a homeomorphism homotopic to the identity and
f̂ : R2 → R2 is a lift of f , then given an open set U ⊂ T2 we may define (as in
[Ja¨g11]) the local rotation set on U as the set ρ(f̂ , U) ⊂ R2 consisting of all possible
limits of sequences of the form (f̂n(zi)−zi)/ni, where pi(zi) ∈ U ni →∞ as i→∞.
Observe that in particular ρ(f̂) = ρ(f̂ ,T2) is the classic rotation set of f̂ as
defined in [MZ89]. If ρ(f̂) has nonempty interior, this provides a great deal of
global information about f ; for instance there is positive entropy [LM91], abundance
of periodic orbits [Fra89] and ergodic measures with all kinds of rotation vectors
[MZ91].
Assume that ρ(f̂) has nonempty interior (and therefore f is strictly toral). We
may define the diffusion rate η(f̂ , U) on an open disk U as the inner radius of the
convex hull of ρ(f̂ , U) (which does not depend on the lift). Roughly speaking, this
measures the minimum linear rate of growth of U in all homological directions. In
[Ja¨g11], a set C(f) is defined consisting of all points x ∈ T2 such that every neighbor-
hood of x has positive diffusion rate. This implies that C(f) has (external) sensitive
dependence on initial condition, which is why it is regarded as the “chaotic” region.
It is also shown in [Ja¨g09b] that every point of the set E(f) = T2 \ C(f) belongs
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to some periodic topological disk U , and ρ(f̂ , U) is a single point (however, we will
not use these facts, as they are a consequence of Theorem C).
In smooth area-preserving systems, KAM theory implies that periodic disks fre-
quently appear, even in a persistent way, near elliptic periodic points [Mos62].
Maximal periodic disks are hence commonly referred to as elliptic islands; these
are the components of E(f). There are well documented examples in the physics
literature which exhibit a pattern of elliptic islands surrounded by a complemen-
tary “chaotic” region with rich dynamical properties, often called the instability
zone. The most well known example is probably the Chirikov-Taylor standard map
[Chi79]. Another example, which falls under our hypotheses, is the Zaslavsky web
map given by f(x, y) = M4(x, y), where M(x, y) = (y,−x −K sin(2piy − c)) (see
Figure 1 for its phase portrait when K = 0.19, c = 1.69). For such map, proper-
ties of the instability region like width and rates of diffusion are better understood
([ZZS+86, PRK97]), but at present no general theory is known. Similar dynamics
also appear in other models of physical relevance (see [LKFA90]).
Figure 1. Phase portrait for the Zaslavsky web map
The next result provides a more precise description of the chaotic region in the
general setting: it says that C(f) concentrates the interesting (from the rotational
viewpoint) dynamics, it gives topological information about C(f) (namely, it is a
fully essential continuum), and it shows that there is uniform diffusion rate in the
chaotic region. The latter means that is there is a constant η0 > 0 depending
only on f such that whenever x ∈ C(f) and U is a neighborhood of x, one has
η(f, U) = η0.
Let us say that an invariant set Λ ⊂ T2 is externally transitive if for any pair of
open sets U , V intersecting Λ there is n ∈ Z such that fn(U) ∩ V 6= ∅, and Λ is
externally sensitive on initial conditions if there is c > 0 such that for any x ∈ Λ
and any neighborhood U of x there is n ∈ N such that diam(fn(U)) > c.
Theorem C. Let f : T2 → T2 is a nonwandering homeomorphism homotopic to
the identity and f̂ a lift of f to R2. Suppose that ρ(f̂) has nonempty interior. Then,
(1) C(f) = Ess(f), which is a fully essential continuum and E(f) = Ine(f) is a
disjoint union of periodic bounded disks;
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(2) Ess(f) is externally transitive and sensitive on initial conditions;
(3) For any x ∈ Ess(f) and any neighborhood U of x, Conv(ρ(f̂ , U)) = ρ(f̂);
Another result that reflects how Ess(f) carries rich dynamics is related to the
realization of rotation vectors by measures or periodic orbits (see §1.2 for defini-
tions). It is known that every extremal or interior point v of ρ(f) is realized by an
ergodic measure [MZ89, MZ91], and if v ∈ Q2 then it is realized by a periodic point
[Fra89, Fra88, MZ89] (see also [Fra95]). The next theorem guarantees that one can
obtain such type of realization in the set of essential points.
Theorem D. Suppose f : T2 → T2 is nonwandering, homotopic to the identity and
strictly toral, and let f̂ be a lift of f to R2. Then,
(1) Any rational vector of ρ(f̂) that is realized by some periodic point is also
realized by a periodic point in Ess(f)).
(2) If µ is an ergodic Borel probability measure µ with associated rotation vector
ρµ(f̂) /∈ Q2, then µ is supported on Ess(f).
Finally, a simple application of Theorem A gives a characterization of the ob-
struction to transitivity for strictly toral maps:
Corollary E. Let f : T2 → T2 be a nonwandering homeomorphism homotopic to
the identity, and assume that f is strictly toral. Then f is transitive if and only if
there are no bounded periodic disks.
Questions. If ρ(f̂) has nonempty interior or is a single totally irrational vector,
it is easy to conclude that f is strictly toral. If ρ(f̂) is a single vector that is
neither rational nor totally irrational (for example {(a, 0)} with a irrational) one
can find examples which are annular (e.g. a rigid rotation) and others which are
strictly toral (e.g. Furstenberg’s example [Fur61]). We conjecture that strictly toral
behavior is not possible when the rotation set is a single rational vector.
Question F. Can a rational pseudo-rotation be strictly toral?
In [KT12b], a partial result is obtained answering the above question negatively
with some weak additional hypotheses.
Finally, we do not know if the bound on the size of inessential periodic disks in
Theorem A is uniform (independent of the period):
Question G. Is there a strictly toral nonwandering homeomorphism f homotopic
to the identity such that sup{D(U) : U is a connected component of Ine(f)} =∞?
Let us say a few words about the proofs. In §1 we introduce most of the notation
and terminology, and we prove some basic results. Most of the burden of this article
lies in the proof of Theorem B. For ease of the exposition, we prove Theorems A, C,
D and Corollary E assuming Theorem B. This is done in §2. The proof of Theorem
B relies strongly on the equivariant version of Brouwer’s plane translation theorem
due to P. Le Calvez [LC05] and a recent result of O. Jaulent [Jau11] that allows to
apply the theorem of Le Calvez in more general contexts. We state these results in
§3. Many ideas present here were used in [LC05] and [LC06] to study Hamiltonian
homeomorphisms; in particular what we call gradient-like Brouwer foliations (see
§3.2). The novelty is that we do not assume that the maps are Hamiltonian, and
not even symplectic; and we use the Brouwer foliations in combination with the
non-annularity to bound invariant open sets. A key concept that allows to do that
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is a linking number associated to a simply connected invariant set and a fixed point,
which we introduce in §4 together with some applications regarding open invariant
sets of maps which have a gradient-like Brouwer foliation. We think these results
may be useful by themselves in other contexts. To use these results in the proof of
Theorem B, which is given in §5, we first assume that there exist arbitrarily large
open connected inessential sets in T2 \Fix(f) and that Fix(f) is not fully essential.
These two facts allow us to obtain a gradient-like Brouwer foliation, and then we
use the results from §4 and some geometric arguments to arrive to a contradiction.
Acknowledgements. The authors would like to thank T. Ja¨ger and the anony-
mous referees, for the suggestions and corrections that helped improve this paper.
1. Preliminaries
1.1. Basic notation. As usual we identify the torus T2 with the quotient R2/Z2,
with quotient projection pi : R2 → T2, which is the universal covering of T2.
Usually, if f is a homeomorphism of T2, a lift of f to the universal covering will
be usually denoted by f̂ : R2 → R2. If f is isotopic to the identity, then f̂ commutes
with the translations z 7→ z + v, v ∈ R2, and so f̂ − Id is uniformly bounded.
We write Z2∗ = Z2 \ {(0, 0)}. Given u, v ∈ R2, their inner product is denoted by
〈u, v〉, and Pv : R2 → R denotes the projection Pv(u) = 〈u, v‖v‖ 〉. If v = (a, b), we
use the notation v⊥ = (−b, a)
By a topological disk we mean an open set homeomorphic to a disk, and similarly
a topological annulus is an open set homeomorphic to an annulus.
An arc on a surface S is a continuous map γ : [0, 1] → S. If the endpoints γ(0)
and γ(1) coincide, we say that γ is a loop. We denote by [γ] the set γ([0, 1]), and if
α, β are two arcs such that α(1) = β(0), we write α ∗ β for the concatenation, i.e.
the arc defined by (α ∗ β)(t) = α(2t) if t ∈ [0, 1/2] and β(2t− 1) if t ∈ (1/2, 1]. We
also use the notation (γ(t))t∈[0,1] to describe the arc γ.
If γ ⊂ T2 is a loop, we denote by γ∗ ∈ H1(T2,Z) its homology class, which in
the case of T2 coincides with its free homotopy class. The first homology group
H1(T2,Z) can be identified with Z2 by the isomorphism that maps v ∈ Z2 to γ∗,
where γ is any arc joining (0, 0) to v.
If f : T2 → T2 is a homeomorphism isotopic1 to the identity, we denote by
I = (ft)t∈[0,1] an isotopy from f0 = IdT2 to f1 = f (i.e. t 7→ ft is an arc in the
space of self-homeomorphisms of T2 joining the identity to f). Any such isotopy
can be lifted to an isotopy Î = (f̂t)t∈[0,1] where f̂t : R2 to R2 is a lift of ft for each
t ∈ [0, 1] and f̂0 = IdR2 .
1.2. Rotation set, irrotational homeomorphisms. The rotation set of a lift f̂
of a homeomorphism f : T2 → T2 homotopic to the identity is denoted by ρ(f̂) and
defined as the set of all limit points of sequences of the form(
f̂nk(xk)− xk
nk
)
k∈N
,
where xk ∈ R2, nk ∈ N and nk →∞ as k →∞.
1By a theorem of Epstein [Eps66], this is equivalent to saying that f is homotopic to the
identity
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For an f -invariant Borel probability measure µ, the rotation vector associated
to µ is defined as ρµ(f̂) =
∫
T2 φdµ, where φ : T
2 → R2 is the map defined by
φ(x) = f̂(x̂) − x̂ for some x̂ ∈ pi−1(x) (which is independent of the choice). The
next proposition collects some basic results about rotation vectors. The results are
contained in [MZ89].
Proposition 1.1. The following properties hold:
(1) ρ(f̂) is compact and convex;
(2) ρ(f̂n(x) + v) = nρ(f̂) + v for any n ∈ Z and v ∈ Z2.
(3) If µ is an f -ergodic Borel probability measure such that ρµ(f̂) = w, then
for µ-almost every point x ∈ T2 and any x̂ ∈ pi−1(x),
lim
n→∞
f̂n(x̂)− x̂
n
= w.
(4) If w ∈ ρ(f̂) is an extremal point (in the sense of convex sets) then there is
an f -ergodic Borel probability measure µ on T2 such that ρµ(f̂) = w.
When the rotation set consists of a single vector, f is said to be a pseudo-rotation,
and when this vector is an integer, f is said to be irrotational. Thus f is irrotational
if there is a lift f̂ such that ρ(f̂) = {0}.
If µ is an ergodic measure and ρµ(f̂) = v, we say that the rotation vector v is
realized by µ. If v = (p1/q, p2/q) is a rational vector in reduced form (i.e. with
p1, p2, q mutually coprime integers, q > 0), then we say that v is realized by a
periodic orbit if there is z ∈ R2 such that
f̂q(ẑ)− ẑ = (p1, p2)
for any ẑ ∈ pi−1(z). Note that this implies that fq(z) = z and limn→∞(f̂n(ẑ) −
ẑ)/n = v.
1.3. Foliations. By an oriented foliation with singularities F on a surface S we
mean a closed set Sing(F), called the set of singularities, together with an oriented
topological foliation F ′ of S \Sing(F). Elements of F ′ are oriented one-dimensional
manifolds, and we call them regular leaves of F .
By a theorem of Whitney [Whi33, Whi41], any such F can be embedded in a
flow; i.e. F is the set of (oriented) orbits of some topological flow φ : S × R → S
(where the singularities of F coincide with the set of fixed points of φ). Therefore
one may define the α-limit and ω-limit of leaves of F in the usual way: if Γ is a
leaf of F and z0 is a point of Γ, then
ω(Γ) =
⋂
n≥0
{φ(z0, t) : t ≥ n}, α(Γ) =
⋂
n≤0
{φ(z0, t) : t ≤ n}.
We say that an arc γ is positively transverse to an oriented foliation with singu-
larities F if [γ] does not contain any singularity, and each intersection of γ with a
leaf of F is topologically transverse and “from left to right”. More precisely: for
each t0 ∈ [0, 1] there is a homeomorphism h mapping a neighborhood U of γ(t0) to
an open set V ⊂ R2 such that h maps the foliation induced by F in U to a foliation
by vertical lines oriented upwards, and such that the first coordinate of t 7→ h(γ(t))
is increasing in a neighborhood of t0.
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1.4. Essential, inessential, filled, and bounded sets. We say an open subset
U of T2 is inessential if every loop in U is homotopically trivial in T2; otherwise,
U is essential. An arbitrary set E is called inessential if it has some inessential
neighborhood. We also say that E is fully essential if T2 \ E is inessential.
If E ⊂ T2 is open or closed, its filling is the union of E with all the inessential
connected components of T2 \ E, and we denote it by Fill(E). If E = Fill(E) we
say that E is filled.
A connected open set A ⊂ T2 is annular if Fill(A) is homeomorphic to an open
topological annulus. Note that Fill(A) is necessarily essential in this case. The
following facts are easily verified, and we omit the proofs.
Proposition 1.2. The following properties hold:
(1) If E ⊂ T2 is fully essential and either open or closed, then exactly one
connected component of E is essential, and in fact it is fully essential.
(2) Fill(E) is inessential if so is E, fully essential if so is E, and neither one
if E is neither.
(3) An open set U ⊂ T2 has an annular component if and only if U is neither
inessential nor fully essential.
(4) An open connected set U ⊂ T2 is fully essential if and only if the map
ι∗U : H1(U,Z) → H1(T2,Z) induced by the inclusion ιU : U → T2 is surjec-
tive.
(5) If E ⊂ T2 is an open or closed set invariant by a homeomorphism f : T2 →
T2, then Fill(E) is also f -invariant.
(6) Suppose U is open and connected and Û is a connected component of
pi−1(U). Then
• U is inessential if and only if Û ∩ (Û + v) = ∅ for each v ∈ Z2∗;
• U is annular if and only if there is v ∈ Z2∗ such that Û = Û + v and
Û ∩ (Û + kv⊥) = ∅ for all k 6= 0
• U is fully essential if and only if Û = Û + v for all v ∈ Z2.
Given an arcwise connected set E ⊂ T2, let Ê be a connected component of
pi−1(E). We denote by D(E) the diameter of Ê, reflecting the fact that this number
is independent of the choice of the component Ê. If D(E) < ∞, we say that E
is bounded, and we say that E is unbounded otherwise. If v ∈ R2∗, we denote by
Dv(E) the diameter of Pv(Ê), which is also independent of the choice of Ê. Let us
state a fact for future reference. Its proof is also straightforward.
Proposition 1.3. If K ⊂ T2 is closed and inessential, then there is M > 0 such
that D(C) ≤M for each connected component C of K.
1.5. Annular homeomorphisms. Let f : T2 → T2 be a homeomorphism isotopic
to the identity. We say that f is annular (with direction v) if there is some lift f̂
of f to R2 and some v ∈ Z2∗ such that
−M ≤ Pv⊥(f̂n(x)− x) ≤M ∀x ∈ R2, ∀n ∈ Z.
The following facts will be frequently used. Their proofs are elementary and will
be omitted for the sake of brevity.
Proposition 1.4. The following properties hold:
(1) If an open set A ⊂ T2 is annular, then diam(Pv(A)) <∞ for some v ∈ Z2∗.
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(2) If there is an f -invariant annular set, then f is annular.
(3) If f is annular with direction v, then ρ(f̂) ⊂ Rv for some lift f̂ of f .
(4) If f is nonwandering and fn is non-annular for all n ∈ N, then any essen-
tial f -invariant open set is fully essential.
(5) If fn is annular for some n ∈ N and f has a fixed point, then f is annular.
Proposition 1.5. Suppose there is a lift f̂ of f to R2 and an open f̂ -invariant set
V ⊂ R2 such that
P−1v ((−∞, a)) ⊂ V ⊂ P−1v ((−∞, b))
for some a < b. Then f is annular.
1.6. Collapsing a filled inessential set. The following proposition says that one
can collapse the connected components of a filled compact inessential invariant set
to points, while preserving the dynamics outside the given set. It will be convenient
later on to simplify the sets of fixed points.
Proposition 1.6. Let K ⊂ T2 be a compact inessential filled set, and f : T2 → T2
a homeomorphism such that f(K) = K. Then there is a continuous surjection
h : T2 → T2 and a homeomorphism f ′ : T2 → T2 such that
• h is homotopic to the identity;
• hf = f ′h;
• K ′ = h(K) is totally disconnected;
• h|T2\K : T2 \K → T2 \K ′ is a homeomorphism.
Proof. Each connected component of K is filled and inessential, so it is a cellu-
lar continuum (i.e. it is an intersection of a nested sequence of closed topological
disks). Let P be the partition of T2 into compact sets consisting of all connected
components of K together with all sets of the form {x} with x ∈ T2 \K. Then P
is an upper semicontinuous decomposition: if P ∈ P and U is a neighborhood of P ,
then there is a smaller neighborhood V ⊂ U of P such that every element of P that
intersects V is contained in U . This is a direct consequence of the fact that the
Hausdorff limit of any sequence of connected components of K must be contained
in a connected component of K.
An improved version of a theorem of Moore, found in [Dav86] (Theorems 13.4 and
25.1) says that for such a decomposition (an upper semicontinuous decomposition
of a manifold into cellular sets) one can find a homotopy from (pt)t∈[0,1] from IdT2
to a closed surjection p1 : T2 → T2 such that P = {p−11 (x) : x ∈ T2}. This implies
that h = p1 is homotopic to the identity, h(K) is totally disconnected and h|T2\K
is a homeomorphism onto T2 \ h(K). The map f ′ is well-defined by the equation
f ′h = hf because f permutes components of K, and it follows easily that f ′ is a
homeomorphism, completing the proof. 
1.7. Other results. Let us state for future reference two well-known results. The
first one is a version of the classical Brouwer’s Lemma; see for example Corollary
2.4 of [Fat87].
Proposition 1.7. If an orientation-perserving homeomorphism f : R2 → R2 has a
nonwandering point, then f has a fixed point.
The second result is due to Brown and Kister:
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Theorem 1.8 ([BK84]). Suppose S is a (not necessarily compact) oriented surface
and f : S → S an orientation-preserving homeomorphism. Then each connected
component of S \ Fix(f) is invariant.
2. Theorem A and applications
As usual, in this section f denotes a homeomorphism of T2 homotopic to the
identity.
We say that x ∈ T2 is an essential point if ⋃k∈Z fk(U) is essential for each
neighborhood U of x. If x is not essential, we say that x is inessential. It follows
from the definition that:
• The set Ine(f) of all inessential points is open;
• The set Ess(f) of all essential points is therefore closed;
• Both sets are f -invariant.
Remark 2.1. Note that Ine(f) coincides with the union of all inessential open in-
variant sets. This does not necessarily mean that Ine(f) is inessential: a trivial
example would be the identity. One can think of less trivial examples where Ine(f)
is essential, but they all seem to have some power with a very large fixed point
set (namely, a fully inessential set of periodic points). Theorem A says that this
is the only possibility, under the assumption that f is non-wandering and fn is
non-annular for all n ∈ N.
2.1. Proof of Theorem A (assuming Theorem B). We will use Theorem B,
the proof of which is postponed to the next sections.
First note that if Fix(fk) is essential for some k, then Theorem B applied to fk
implies that either fk is annular, or Fix(fk) is fully essential and fk is irrotational.
Thus to prove the theorem it suffices to consider f such that
• fk is non-annular, and
• Fix(fk) is inessential
for all k ∈ N. We will show under these hypotheses that case (3) holds.
Claim 1. Each x ∈ Ine(f) is contained in a bounded periodic topological disk.
Proof. If  > 0 is small enough, U =
⋃
k∈Z f
k(B(x)) is inessential and f -invariant.
Let D be the connected component of U containing x. Since f is nonwandering
and the components of U are permuted by f , there is k ≥ 1 such that fk(D) = D
and fn(D)∩D = ∅ if 1 ≤ n < k. Then U = Fill(D) is a periodic open disk. The
fact that U is bounded follows from Theorem B applied to fk (using the assumption
that Fix(fk) is inessential). 
Claim 2. Ess(f) is fully essential.
Proof. Suppose not. Then Ine(f) is essential and open, and in particular Ine(f)
contains some essential loop γ. By the previous claim and by compactness, there
exist finitely many simply connected periodic bounded sets U1, . . . , Uj such that
[γ] ⊂ U1 ∪ · · · ∪ Uj (and we may assume that each Ui intersects [γ]). Thus we may
find M > 0 and m ∈ N such that D(Ui) ≤ M and fm(Ui) = Ui for 1 ≤ i ≤ j.
Let g = fm, and choose a lift ĝ : R2 → R2 of g. For each i, choose a connected
component Ûi of pi
−1(Ui). Then there is vi ∈ Z2 such that ĝ(Ûi) = Ûi + vi, and
so ĝn(Ûi) = Ûi + nvi for n ∈ Z. Since diam(Ûi) ≤ M , this implies that if x ∈ Ui
and x̂ ∈ pi−1(x), then ‖ĝn(x̂)− x̂− nv‖ ≤ M (note that this does not depend on
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the choice of x̂, so we may use x̂ ∈ Ûi). If we define ρx .= limn→∞(ĝn(x̂)− x̂)/n, it
follows that ρx = vi and this vector depends only on x and the choice of the lift ĝ.
Since this works for any x ∈ Ui, it follows that the map U1 ∪ · · · ∪Uj → Z2 defined
by x 7→ ρx is locally constant. Since U1 ∪ · · · ∪Uj is connected (because it contains
[γ] and every Ui intersects γ) it follows that ρx is constant on that set. Therefore
v1 = v2 = · · · = vj , i.e. there is v ∈ Z2 such that ĝ(Ûi) = Ûi + v for 1 ≤ i ≤ j.
Moreover, replacing ĝ by a suitable lift of g we may assume that v = 0.
Therefore we may assume that ĝ(Ûi) = Ûi for 1 ≤ i ≤ j. Thus, if x ∈ [γ] and
x̂ ∈ pi−1(x), then ‖ĝn(x̂)− x̂‖ ≤ max{diam(Ui) : 1 ≤ i ≤ j} ≤ M for each n ∈ Z.
Let us show that this implies that g = fm is annular, contradicting our hypothesis:
Since γ is an essential loop, it lifts to R2 to a simple arc γ̂ joining a point x ∈ R2
to x + w, for some w ∈ Z2∗. Let Γ =
⋃
k∈Z[γ̂] + kw. Then Pw⊥(Γ) ⊂ [a, b] for
some a, b ∈ R, and since Γ ⊂ pi−1([γ]) we also have that ‖ĝn(x)− x‖ ≤M for each
x ∈ Γ. If V0 is the connected component of R2 \ Γ such that P−1w⊥((−∞, a)) ⊂ V0,
then V0 ⊂ P−1w⊥((−∞, b)), and so
P−1
w⊥((−∞, a−M)) ⊂ ĝk(V0) ⊂ P−1w⊥((−∞, b+M))
for each k ∈ Z. Thus, letting V = ⋃k∈Z ĝk(V0), we have
P−1
w⊥((−∞, a−M)) ⊂ V ⊂ P−1w⊥((−∞, b+M)),
and V is ĝ-invariant. By Proposition 1.5, we conclude that g is annular, which is
the sought contradiction. 
Claim 3. Each component of Ine(f) is a periodic topological open disk.
Proof. Since Ine(f) is inessential, if U is a connected component of Ine(f) then U
is inessential and fk-invariant for some k (because f is nonwandering and Ine(f) is
invariant). It follows that Fill(U) is open, inessential, filled (thus a topological disk)
and fk-invariant. Thus Fill(U) ⊂ Ine(f), and since it is connected and intersects
U , it follows that Fill(U) = U , proving the claim. 
Claim 4. For each k ∈ N there is Mk such that every connected component U of
Ine(f) such that fk(U) = U satisfies D(U) < Mk.
Proof. This is a direct application of Theorem B to fk, since we are under the
assumption that fk is non-annular and Fix(fk) is inessential. 
This last claim concludes the proof of Theorem A. 
Corollary 2.2. If f : T2 → T2 is homotopic to the identity, nonwandering and
strictly toral (i.e. cases (1) and (2) of Theorem A do not hold), then
• for any essential point x, if U is a neighborhood of x then the set U ′ =⋃
n∈Z f
n(U) is connected and fully essential;
• Ess(fk) = Ess(f) for all k ∈ N.
Proof. It follows from Proposition 1.4(4) that U ′ is fully essential. Since the con-
nected components of U ′ are permuted by f ′, they are all homeomorphic to each
other, and since one of them is fully essential, all of them must be. But two fully
essential open sets cannot be disjoint, so there is only one component, as claimed.
For the second claim note that Ess(fk) ⊂ Ess(f) follows directly from the def-
inition. On the other hand if x /∈ Ess(fk) then x ∈ Ine(fk). This means that
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if U is a small enough neighborhood of x, then U ′ =
⋃
n∈Z f
kn(U) is inessen-
tial, so U ′ ⊂ Ine(fk). On the other hand, if i ∈ Z then the fk-orbit of f i(U) is
f i(U ′), which is also inessential, so f i(U ′) ⊂ Ine(fk). This implies that U ′′ :=⋃
i∈Z f
i(U ′) =
⋃
n∈Z f
n(U) ⊂ Ine(fk). But Theorem A applied to fk implies
that Ine(fk) is inessential, so that U ′′ is inessential as well, and we conclude that
x ∈ Ine(f). Therefore, Ine(fk) ⊂ Ine(f), and so Ess(fk) ⊃ Ess(f), completing the
proof. 
2.2. Proof of Theorem C. Assume that f : T2 → T2 is a nonwandering homeo-
morphism homotopic to the identity, f̂ is a lift of f to R2, and ρ(f̂) has nonempty
interior. This implies that f is stricly toral, so that only case (3) in Theorem A
holds.
Recall that E(f) as the set of all x ∈ T2 such that ρ(f̂ , U) is a single vector of
Q2 for some neighborhood U of x, and C(f) = T2 \ E(f).
We want to show that
(1) C(f) = Ess(f), which is a fully essential continuum and E(f) = Ine(f) is a
disjoint union of periodic bounded disks;
(2) Ess(f) is externally transitive and sensitive on initial conditions;
(3) For any x ∈ Ess(f) and any neighborhood U of x, Conv(ρ(f̂ , U)) = ρ(f̂);
Let us begin with the following
Claim. For any x ∈ Ess(f) and any neighborhood U of x, Conv(ρ(f̂ , U)) = ρ(f̂).
Proof. Recall from [MZ89] that ρ(f̂) is convex, and if v ∈ ρ(f̂) is extremal (in the
sense of convexity) then there is at least one point z ∈ R2 such that (f̂n(z)−z)/n→
v as n→∞. Let x ∈ Ess(f), and suppose for contradiction that Conv(ρ(f̂ , U)) 6=
ρ(f̂) for some neighborhood U of x. Since the two sets are convex and compact,
and Conv(ρ(f̂ , U)) ⊂ ρ(f̂), this implies that there is a direction w ∈ R2∗ such that
supPw(ρ(f̂ , U)) < supPw(ρ(f̂)). We will show that this is not possible. Observe
that there must be an extremal point v ∈ ρ(f̂) such that Pw(v) = supPw(ρ(f̂)).
Since v is extremal, as we mentioned there exists z ∈ R2 such that (f̂n(z)−z)/n→ v
as n→∞.
Since U is essential, U ′ =
⋃
n∈Z f
n(U) is open, invariant, fully essential and
connected (by Corollary 2.2). This implies that pi(z) is contained in some closed
topological disk D such that ∂ D ⊂ U ′. Since ∂ D is compact, there is N ∈ N
such that ∂ D ⊂ ⋃Ni=−N f i(U). Let D̂ be the connected component of pi−1(D) that
contains z. Since Pw((f̂
n(z)− z)/n)→ Pw(v) as n→∞, if zn is chosen as a point
of ∂ D̂ such that Pw(f̂
n(zn)− z) is maximal then, as |Pw(zn − z)| ≤ diam(D̂),
Pw(f̂
n(zn)− zn)/n ≥ Pw(f̂n(z)− z)/n− Pw(zn − z)/n n→∞−−−−→ Pw(v).
Let K be such that ‖f̂(y)− y‖ ≤ K for all y ∈ R2 (such K exists because f̂ − Id
is Z2-periodic). Note that ‖f̂n(y)− y‖ ≤ nK. Thus we may choose a subsequence
(ni)i∈N such that ni → ∞ and (f̂ni(zni) − zni)/ni converges to some limit v′
with ‖v′‖ ≤ K, and from our previous observations Pw(v′) ≥ Pw(v). But also
Pw(v
′) ≤ Pw(v), since we chose v such that Pw(v) = supPw(ρ(f̂)). Therefore
Pw(v
′) = Pw(v).
Observe that since pi(zni) ∈ ∂ D, we know that there is ki ∈ Z with−N ≤ ki ≤ N
such that fki(pi(zni)) ∈ U , so that if we let xi = f̂kni (zni) then xi ∈ pi−1(U). Thus,
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letting mi = ni − ki, we have
f̂mi(xi)− xi
mi
=
ni
ni − ki ·
f̂ni(zni)− zni
ni
− f̂
ki(zni)− zni
ni
n→∞−−−−→ v′
because ni →∞, while |ki| ≤ N and ‖Pw(f̂ki(zni)− zni)‖ ≤ kiK ≤ NK for all n ∈
N. By definition, this means that v′ ∈ ρ(f̂ , U). Since we already saw that Pw(v′) =
Pw(v) = supPw(ρ(f̂)), this contradicts our assumption that supPw(ρ(f̂ , U)) <
supPw(ρ(f̂)). This completes the proof of the claim. 
To prove (1), observe that from the previous claim follows immediately that
Ess(f) ⊂ C(f). Thus, we need to prove that C(f) ⊂ Ess(f), or which is the same
that Ine(f) ⊂ E(f). Let x ∈ Ine(f) then by Theorem A the connected component
U of Ine(f) that contains x is a bounded periodic disk, so that fk(U) = U for some
k ∈ N. Thus if Û is a connected component of pi−1(U), there is v ∈ Z2 such that
f̂k(Û) = Û + v. This implies that ‖f̂nk(z)− z − nv‖ ≤ diam(Û) for all z ∈ Û ,
so we easily conclude that ρ(f̂k, U) = {v}, and then ρ(f̂ , U) = {v/k} ⊂ Q2. This
shows that x ∈ E(f), as we wanted.
Therefore, we have proved (1) (since the claims about Ess(f) hold by Theorem
A). Further, the previous claim together with (1) implies (3).
To prove (2), observe that the external sensitivity on initial conditions follows
easily from (3), since it implies that if U is a small ball around x ∈ C(f), and if Û
is a connected component of pi−1(U), then diam(f̂n(U))→∞ as n→∞. To prove
the external transitivity, let U1, U2 be open sets in T2 intersecting C(f) = Ess(f).
Then from Corollary 2.2 U ′i =
⋃
n∈Z f
n(Ui) is fully essential and invariant, for
i ∈ {1, 2}. But two fully essential sets must intersect, so there are n1, n2 ∈ Z such
that fn1(U1) ∩ fn2(U2) 6= ∅, so that f̂m(U2) ∩ U1 6= ∅, for m = n2 − n1 ∈ Z. This
completes the proof. 
2.3. Proof of Theorem D. Let f be homotopic to the identity, nonwandering
and strictly toral, and let f̂ be a lift of f to R2. We want to prove
(1) Any rational vector of ρ(f̂) that is realized by some periodic point is also
realized by a periodic point in Ess(f)).
(2) If µ is an ergodic Borel probability measure µ with associated rotation
vector ρµ(f̂) /∈ Q2, then µ is supported on Ess(f).
We begin with (2): let µ be an f -ergodic Borel probability measure and v =
ρµ(f̂) /∈ Q2. For µ-almost every point x ∈ T2, we have that if x̂ ∈ pi−1(x) then
(f̂n(x̂) − x̂)/n → v as n → ∞ (see §1.2). Since v /∈ Q2, this implies that pi(x) ∈
Ess(f), since otherwise by Theorem A it would belong to some periodic bounded
disk U , and that would imply that ρ(x) ∈ Q2 (as in the proof of (1) in the previous
section). Thus we conclude that µ-almost every point is essential. Since Ess(f) is
closed and invariant, it follows that the support of µ is in Ess(f), proving (2).
To prove (1) we will use a Lefschetz-Nielsen type index argument. Let v =
(p1/q, p2/q) ∈ Q2 ∩ ρ(f̂) with p1, p2, q coprime. Let g = fq and ĝ = f̂q − (p1, p2)
(which is a lift of g). Recall that z ∈ T2 is a periodic point realizing the rotation
vector v (for f̂) if for any ẑ ∈ pi−1(z) one has f̂q(ẑ) − ẑ = v. This is equivalent
to saying that ĝ(ẑ) = ẑ. Therefore, to prove (1) we need to show that if Fix(ĝ)
is nonempty, then pi(Fix(ĝ)) intersects Ess(f). By Corollary 2.2 we have that
14 ANDRES KOROPECKI AND FABIO ARMANDO TAL
Ess(g) = Ess(fk) = Ess(f). Thus we want to show that if Fix(ĝ) is nonempty then
its projection to T2 contains a point of Ess(g).
Suppose on the contrary that K := pi(Fix(ĝ)) ⊂ Ine(g). Since K is compact,
there are finitely many connected components U1, . . . Uk of Ine(g) such that K ⊂
U1 ∪ · · · ∪ Uk. Note that each Ui is an open topological disk, and we may assume
that each Ui intersects K ⊂ Fix(g), so g(Ui) = Ui for each i.
We claim that Fix(g) ∩ U i ⊂ K for each i ∈ {1, . . . , k}. Indeed, suppose x ∈
Fix(g) ∩ U i, and choose a connected component Ûi of pi−1(Ui). If (xn)n∈N is a
sequence in Ui such that xn → x as n → ∞, and if x̂n ∈ pi−1(xn) ∩ Ûi, then
the fact that diam(Ûi) < ∞ implies that we may find a sequence (ni)n∈N with
ni → ∞ such that x̂ni converges to some limit x̂ ∈ cl(Û) as i → ∞. Thus pi(x̂) =
limi→∞ pi(x̂ni) = x, and since x ∈ Fix(g) it follows that ĝ(x̂) = x̂ + w for some
w ∈ Z2. But cl(Û) is bounded and ĝ-invariant, and since ĝn(x̂) = x̂ + nw we
conclude that w = 0. Hence x̂ ∈ Fix(ĝ), and x ∈ K, proving our claim.
In particular, since K ⊂ U1∪· · ·∪Uk, we have that ∂ Ui contains no fixed points of
g. Since g is nonwandering, using a classic argument of Cartwright and Littlewood
and the prime ends compactification of Ui, one may find a closed topological disk
Di ⊂ Ui such that Fix(g)∩Ui ⊂ Di and the fixed point index of g in Di is 1 (this is
contained in Proposition 4.2 of [Kor10]). Thus we can cover K = Fix(g)∩(U1∪· · ·∪
Uk) with finitely many disjoint disks D1, . . . Dk such that the fixed point index of
g on each Di is 1. Note that K is a Nielsen class of fixed points (that is, it consists
of all points which are lifted to fixed points of a same lift ĝ of g). We have just
showed that the fixed point index of the Nielsen class K is exactly k ≥ 1 (one for
each disk Di, and there is at least one such disk). On the other hand, it is known
(see, for instance, [Bro71]) that the fixed point index of a Nielsen class is invariant
by homotopy, and since f is homotopic to a map with no fixed points, the index
should be 0. Thus we arrived to a contradiction, completing the proof of (1). 
2.4. Proof of Corollary E. Let f : T2 → T2 be a strictly toral nonwandering
homeomorphism. Suppose first that f is not transitive. Note that the proof of
external transitivity of Ess(f) given in the proof of Theorem C works in the general
case where f is strictly toral (without assuming anything about the rotation set).
Hence Ess(f) is externally transitive. If Ess(f) = T2, this would imply that f is
transitive, contradicting our hypothesis. Thus Ine(f) is nonempty, and the existence
of a bounded periodic disk follows from Theorem A.
Now suppose that f is transitive and assume for a contradiction that there is a
periodic bounded disk of period k. Let U1, . . . , Uk be the components of the orbit of
the disk, so that fk(Ui) = Ui for each i, and let M be such that maxiD(Ui) ≤M .
For each i ∈ {1, . . . , k}, let Ûi be a connected component of pi−1(Ui), and let ĝ
be a lift of fk such that ĝ(Û1) = Û1 (and therefore ĝ(Ûi) = Ûi for each i). Note
that ∪ki=1 cl(Ui) = T2. Thus, given z ∈ U i we may choose i such that z ∈ cl(Ui),
and the fact that Ui is bounded implies easily that some ẑ ∈ pi−1(z) belongs to
cl(Ûi). Hence, the ĝ-orbit of ẑ has diameter bounded by M . This also holds for
ẑ + v for any v ∈ Z2, and since z ∈ T2 was arbitrary we conclude that all ĝ-orbits
have diameter bounded by M . Since ĝ lifts fk, this implies that fk is annular,
contradicting the fact that f is strictly toral. 
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3. Brouwer theory and gradient-like foliations
Let S be an orientable surface (not necessarily compact), and let I = (ft)t∈[0,1]
be an isotopy from f0 = IdS to some homeomorphism f1 = f . If pi : Ŝ → Ŝ is the
universal covering of S, there is a natural choice of a lift f̂ : Ŝ → Ŝ of f : Letting
Î = (f̂t)t∈[0,1] be the lift of the isotopy I such that f̂0 = IdŜ , one defines f̂ = f̂1.
The lift f̂ has the particularity that it commutes with every Deck transformation
of the covering.
A fixed point p of f is said to be contractible with respect to the lift f̂ if the loop
(ft(p))t∈[0,1] is homotopically trivial in S. This definition does not depend on the
isotopy, but only on the lift f̂ . In fact, it is easy to see that the set of contractible
fixed points of f with respect to I coincides with pi(Fix(f̂)).
Given an oriented topological foliation F of S, one says that the isotopy I is
transverse to F if for each x ∈ S, the arc (ft(x))x∈[0,1] is homotopic, with fixed
endpoints, to an arc that is positively transverse to F in the usual sense. In this
case, it is also said that F is dynamically transverse to I.
The following is one statement of the equivariant version of Brouwer’s Plane
Translation Theorem:
Theorem 3.1 (Le Calvez [LC05]). If there are no contractible fixed points, then
there is a foliation without singularities F which is dynamically transverse to I.
Since the set of contractible fixed points is usually nonempty, one needs some
additional modifications before using the previous theorem. This is done using a
recent result of O. Jaulent.
Theorem 3.2 (Jaulent, [Jau11]). Given an isotopy I = (ft)t∈[0,1] from the identity
to a homeomorphism f : S → S, there exists a closed set X ⊂ Fix(f) and an isotopy
I ′ = (f ′t)t∈[0,1] from IdS\X to f |S\X : S \X → S \X such that
(1) for each z ∈ S \X, the arc (f ′t(z))t∈[0,1] is homotopic with fixed endpoints
(in S) to (ft(z))t∈[0,1];
(2) there are no contractible fixed points for f |S\X with respect to I ′.
Remark 3.3. Due to the latter property, Theorem 3.1 implies that there is a foliation
FX on S \X that is dynamically transverse to I ′.
Remark 3.4. If X is totally disconnected, one can extend the isotopy I ′ to an
isotopy on S that fixes every element of X; that is, f ′t(x) = x for each x ∈ X
and t ∈ [0, 1]. Similarly, the foliation FX can be extended to an oriented foliation
with singularities F of S, where the set of singularities Sing(F) coincides with X.
Moreover, after these extensions, if we consider the respective lifts Î = (f̂t)t∈[0,1]
and Î ′ = (f̂ ′t)t∈[0,1] of I and I ′ such that f̂0 = f̂ ′0 = IdŜ , then f̂ ′1 = f̂1. This follows
from the fact that if z ∈ S \X, then (f ′t(z))t∈[0,1] is homotopic with fixed endpoints
in S to (ft(z))t∈[0,1], so that the lifts of these paths with a common base point ẑ
must have the same endpoint as well.
Remark 3.5. In the previous remark, if F̂ is the lift of the extended foliation F
(with singularities in X̂ = pi−1(X)), then F̂ |Ŝ\pi−1(X) is dynamically transverse to
Î ′; i.e. for any ẑ ∈ Ŝ \ X̂ the path (f̂ ′t(ẑ))t∈[0,1] is homotopic with fixed endpoints
in Ŝ \ X̂ to an arc γ̂ positively transverse to F̂ . In fact we know that, if z = pi(ẑ),
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then (f ′t(z))t∈[0,1] is homotopic with fixed endpoints in S \X to an arc γ positively
transverse to F . The homotopy between (f ′t(z))t∈[0,1] and γ can be lifted to a
homotopy (with fixed endpoints, in Ŝ \ X̂) between (f̂ ′t(z))t∈[0,1] and the lift γ̂ of γ
with base point ẑ. One easily verifies that γ̂ is positively transverse to F̂ .
3.1. Positively transverse arcs. Let us state some general properties of dynam-
ically transverse foliations that will be used in the next sections. This proposition
is analogous to part of Proposition 8.2 of [LC05], with small modifications.
Proposition 3.6. Suppose S is an orientable surface, I = (ft)t∈[0,1] an isotopy
from the identity to a homeomorphism f = f1 without contractible fixed points,
and F a dynamically transverse foliation as given by Theorem 3.1. The following
properties hold:
(1) For any n ∈ N and x ∈ S, there is a positively transverse arc joining x to
fn(x).
(2) If x and y can be joined by a positively transverse arc, then there are neigh-
borhoods V of x and V ′ of y such that every point of V can be joined to
every point of V ′ by a positively transverse arc;
(3) If x is nonwandering, then there is a neighborhood of V of x such that every
point of V can be joined to every other point of V by a positively transverse
arc.
(4) If K ⊂ S is a connected set of nonwandering points, then any point of K
can be joined to each point of K by a positively transverse arc.
Remark 3.7. Note that this proposition remains true in the context of Remarks 3.4
and 3.5 if one works in S \X or Ŝ \ X̂ with the corresponding foliations.
Proof. The first claim is a consequence of the transversality of the foliation: we
know that any z ∈ S can be joined to f(z) by some positively transverse arc γz,
and so γnx = γx ∗ γf(x) ∗ · · · ∗ γfn−1(x) is a positively transverse arc joining x to
fn(x).
Figure 2. Proofs of (2) and (3)
To prove (2) it suffices to consider flow boxes of F near x and y (see the left side
of Figure 2). Similarly, to prove (3) it suffices to show that if x is nonwandering then
there is a positively transverse arc joining x to itself (see the right side of Figure 2).
Observe that due to (1) and (2), we can find neighborhoods V of f−1(x) and V ′
of x such that every point of V can be joined to every point of V ′ by a positively
transverse arc, and reducing V ′ if necessary we may also find a neighborhood V ′′ of
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f(x) such that every point of V ′ can be joined to every point of V ′′ by a positively
transverse arc. Since x is nonwandering, we can find y ∈ V ′ so close to x that
f(y) ∈ V ′′ and such that fn(y) ∈ V ′ ∩ f(V ) for some n > 0 which we may assume
large. Thus we can find a positively transverse arc from x ∈ V ′ to f(y) ∈ V ′′,
another from f(y) to fn−1(y) (namely, γn−2f(y)), and a third one from f
n−1(y) ∈ V
to x ∈ V ′. Concatenation of these arcs gives a positively transverse arc from x to
itself, as we wanted.
Finally, to prove (4), fix x ∈ K and let K ′ be the set of all points of K which are
endpoints of positively transverse arcs starting at x. From (2) follows that K ′ is
open in K, and from (3) we know that x ∈ K ′. Moreover, (3) also implies K \K ′ is
open in K. Thus K ′ is both open and closed in K, and the connectedness implies
K = K ′. 
3.2. Gradient-like foliations. Let F be an oriented foliation with singularities of
T2 such that Sing(F) is totally disconnected. A leaf Γ of F is a connection if both
its ω-limit and its α-limit are one-element subsets of Sing(F). By a generalized
cycle of connections of F we mean a loop γ such that [γ]\Sing(F) is a disjoint (not
necessarily finite) union of regular leaves of F , with their orientation matching the
orientation of γ.
Using the terminology of Le Calvez [LC05], we say that a loop Σ in T2 is a
fundamental loop for F if Σ can be written as a concatenation of finitely many loops
α1, . . . , αn with a common base point z0 such that, denoting by α
∗
i ∈ H1(T2,Z) '
Z2 the homology class of αi,
• each loop αi is positively transverse to F ,
• ∑ni=1 α∗i = 0, and
• for each κ ∈ H1(T2,Z) there are positive integers k1, . . . , kn such that∑n
i=1 kiα
∗
i = κ.
It is easy to see that if Σ is a fundamental loop, then T2 \ [Σ] is a disjoint union
of open topological disks.
If there exists a fundamental loop Σ for F , we say that F is gradient-like. The
key properties about gradient-like foliations that we will use are contained in the
following
Lemma 3.8. If F is a gradient-like foliation, then
(1) every regular leaf of F is a connection,
(2) there are no generalized cycles, and
(3) there is a constant M such that D(Γ) < M for each regular leaf Γ.
Proof. We outline the proof, since the main ideas are contained in §10 of [LC05].
The difference here is that we do not have finitely many singularities. Let Σ be
a fundamental loop with base point x0 as defined above, so T2 \ [Σ] is a disjoint
union of simply connected open sets. After a perturbation of the arcs αi to put
them in general position, one may assume that T2 \ [Σ] has finitely many connected
components, so it is a disjoint union of finitely many topological disks {Di}1≤i≤k.
A function Λ is then defined on T2 \ [Σ] by fixing a point z0 ∈ T2 \ [Σ] and letting
Λ(z) be the algebraic intersection number σ∧Σ of any arc σ joining z0 to z with Σ.
This is independent of the choice of σ, because Σ∗ = 0. The function Λ is constant
on each disk Di, and it has the property that if σ is an arc joining z ∈ T2 \ [Σ] to
z′ ∈ T2 \ [Σ], then σ ∧ Σ = Λ(z′) − Λ(z). Note that Λ attains at most k different
18 ANDRES KOROPECKI AND FABIO ARMANDO TAL
values (one for each disk Di). The fact that Σ is positively transverse to F implies
that if Γ: R→ T2 is any leaf of F , then the map t 7→ Λ(Γ(t)) (defined for all t such
that Γ(t) /∈ [Σ]) is non-increasing, and it decreases after each t such that Γ(t) ∈ [Σ].
The proof of part (i) in Proposition 10.4 of [LC05] shows that F has no closed
leaves: Suppose Γ is a closed leaf of F , and let z be a point of Γ. Since there are no
wandering points, by Proposition 3.6 there is a positively transverse loop γ based
in z. This implies that Γ ∧ γ < 0. On the other hand, there exist positive integers
a1, . . . , an such that −γ∗ = a1α∗1 + · · · + anα∗n, so that letting γ′ = αa11 ∗ · · · ∗ αann
one has Γ ∧ γ′ = Γ ∧ (−γ) = −Γ ∧ γ. Thus
0 > Γ ∧ γ = −Γ ∧ γ′ = −(a1Γ ∧ α1 + · · ·+ anΓ ∧ αn) ≥ 0,
where the latter inequality holds because αi is a positively transverse arc and ai is
a positive integer, for each i. This contradiction proves that F has no closed leaves.
To show that there is no cycle of connections, first observe that by definition
if there is a cycle of connections, it contains a simple cycle of connections; that
is, a simple loop Γ such that [Γ] \X consists of leaves of F with their orientation
matching the orientation of Γ. But then, choosing z ∈ [Γ] \ X we can repeat
the previous argument by finding a positively transverse loop γ based in z, and
obtaining the same contradiction as before. This proves (2).
Recall that if Γ: R → T2 is a leaf of F , the map t 7→ Λ(Γ(t)) defined on R \
Γ−1([Σ]) is non-increasing, and it decreases after each t such that Γ(t) ∈ [Σ]. Since
Λ attains at most k different values (one for each diskDi), it follows that Γ intersects
Σ at most at k points.
Let F̂ be the lift of F to R2, and for each i, let D̂i be a connected component
of pi−1(Di), and let B = {D̂i + v : v ∈ Z2, 1 ≤ i ≤ k}. Then from the previous
paragraph follows that any regular leaf Γ̂ of F̂ intersects at most k+ 1 elements of
B. Let d = max{diam D̂i : 1 ≤ i ≤ k}. Note that diam(D) ≤ d for each D ∈ B. We
conclude from these facts that diam(Γ̂) ≤M .= (k + 1)d, proving part (3).
Finally, part (1) follows from the following version of the Poincare´-Bendixson
Theorem, which is a particular case of a theorem of Solntzev [Sol45] (see also
[NS89, §1.78]) and can be stated in terms of continuous flows due to a theorem of
Gutierrez [Gut79].
Theorem 3.9. Let φ = {φt}t∈R be a continuous flow on R2 with a totally discon-
nected set of singularities. If the forward orbit of a point {φt(z)}t≥0 is bounded,
then its ω-limit ωφ(z) is one of the following:
• A singularity;
• a closed orbit;
• a generalized cycle of connections.
Since, being an oriented foliation with singularities, F̂ can be embeded in a flow
(see [Whi33, Whi41]), we may apply the above theorem to F̂ . Since F has no
generalized cycle of connections or closed leaves, neither does F̂ , and we conclude
that the ω-limit of every bounded leaf of F̂ is a singularity (and similarly for the
α-limit). Since we already showed that every leaf is bounded, this proves (1),
completing the proof of Lemma 3.8. 
3.3. Existence of gradient-like Brouwer foliations. Throughout this section
we assume that f is a homeomorphism of T2 isotopic to the identity and f̂ is a lift
of f to R2 such that Fix(f̂) is totally disconnected, hence so is pi(Fix(f̂)).
STRICTLY TORAL DYNAMICS 19
We observe that there exists an isotopy from the identity to f that lifts to an
isotopy from IdR2 to f̂ : indeed, it suffices to choose any isotopy (ft)t∈[0,1] from the
identity to f and its lift (f̂t)t∈[0,1] such that f̂0 = IdR2 . Noting that there is some
v ∈ Z2 such that f̂ − f̂1 = v, the isotopy from IdT2 to f lifted by (f̂1 + tv)t∈[0,1] has
the required property.
The next proposition is a direct consequence of Theorem 3.2 and the remarks
that follow it.
Proposition 3.10. There exists an oriented foliation with singularities F of T2
and an isotopy I = (ft)t∈[0,1] from the identity to f such that
• Sing(F) ⊂ pi(Fix(f̂)),
• I lifts to an isotopy from IdR2 to f̂ ,
• F is dynamically transverse to I, and
• I fixes the singularities of F .
Let F be the foliation from Proposition 3.10. Recall that for a loop γ in T2, γ∗
denotes its homology class in H1(T2,Z) ' Z2. Fix z ∈ T2 \X, and consider the set
C(z) of all homology classes κ ∈ H1(T2,Z) such that there is a positively transverse
loop γ with γ∗ = κ. Identifying H1(T2,Z) with Z2 naturally and choosing ẑ ∈
pi−1(z), we see that C(z) coincides with the set of all v ∈ Z2 such that there is an
arc in R2 positively transverse to the lifted foliation F̂ joining ẑ to ẑ+v. Note that
C(z) is closed under addition: if v, w ∈ C(z) then v + w ∈ C(z).
The next proposition is contained in Lemma 10.3 and the first paragraph after its
proof in [LC05]. The proof given there works without modifications in our context.
Proposition 3.11. If f is nonwandering and the convex hull of C(z) is R2 for
some z ∈ T2, then there is a fundamental loop.
Remark 3.12. Note that R2 is the convex hull of C(z) if 0 is in the interior of the
convex hull of C(z), due to the fact that if v ∈ C(z) then nv ∈ C(z) for any n ∈ N.
Moreover, to show that the convex hull of C(z) contains 0 in its interior it suffices
to find n positively transverse loops γ1, . . . , γn (not necessarily with base point z)
such that 0 is in the interior of the convex hull of {γ∗1 , . . . , γ∗n}. In fact, note that
if z /∈ X, then using the fact that f is nonwandering and T2 \ X is connected,
Proposition 3.6 implies that for each i we may find positively transverse arcs σi
from z to γi(0) and σ
′ from γi(0) to z. For m ∈ N, define ηi,m = σi ∗ γmi ∗ σ′i
for 1 ≤ i ≤ n. Then ηi,m is a positively transverse arc with base point z, and
η∗i,m = (σi ∗σ′i)∗+mγ∗i = wi +mγ∗i where wi is independent of m. Since 0 is in the
interior of the convex hull of {γ∗i : 1 ≤ i ≤ n}, choosing m large enough it follows
easily that 0 is in the interior of the convex hull of {ηi,m : 1 ≤ i ≤ n} ⊂ C(z), as
claimed.
4. Linking number of simply connected open sets
In this section we assume that Î = (f̂t)t∈[0,1] is an isotopy from IdR2 to a home-
omorphism f̂ : R2 → R2, and X̂ is a closed set of fixed points of the isotopy Î, i.e.
f̂t(p) = p for all t ∈ [0, 1] and p ∈ X̂.
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4.1. Winding number. Given z ∈ R2 and an arc γ : [0, 1]→ R2 such that z /∈ [γ],
we define a partial index as follows: consider the map
ξ : [0, 1]→ S1, ξ(t) = γ(t)− z‖γ(t)− z‖
and let ξ˜ : [0, 1]→ R be a lift to the universal covering, so that e2piξ˜(t) = ξ(t). Then
we define
I(γ, z) = ξ˜(1)− ξ˜(0).
This number does not depend on the choice of the lift ξ˜ or the parametrization of
γ (preserving orientation). If γ is a loop, then I(γ, z) is an integer and coincides
with the winding number of γ around z. If γ and γ′ are arcs with γ(1) = γ′(0) and
z /∈ [γ] ∪ [γ′], then
I(γ ∗ γ′, z) = I(γ, z) + I(γ′, z).
Additionally, I(γ, z) is invariant by homotopies in R2 \ {z} fixing the endpoints of
γ. A simple consequence of this fact is that if I(γ, z) 6= 0 and γ is closed, then z
must be in a bounded connected component of R2 \ [γ].
4.2. Linking number of periodic points.
Notation 4.1. Given z ∈ R2, we denote by γ̂z the arc (f̂t(z))t∈[0,1], and for n ∈ N
we define
γ̂nz = γ̂z ∗ γ̂f(z) ∗ · · · ∗ γ̂fn−1(z).
If p ∈ X̂ (so p is fixed by Î) and q is a periodic point of f̂ , then we define the
linking number IÎ(q, p) ∈ Z as follows. Let k be the smallest positive integer such
that f̂k(q) = q. Observing that γ̂kq is a loop, we let
IÎ(q, p) = I(γ̂
k
q , p).
We will extend this definition, considering a periodic (possibly unbounded) sim-
ply connected set instead of the periodic point q.
4.3. Linking number of open periodic simply connected sets.
Definition 4.2 (and Claim). Suppose U ⊂ R2 is a simply connected f̂ -periodic
open set and p ∈ X̂ \ U is given. Let k be the smallest positive integer such that
f̂k(U) = U . Fix z ∈ U , and let σz be an arc contained in U and joining f̂k(z) to z.
The linking number of U and p is defined as IÎ(U, p) = I(γ̂
k
z ∗ σz, p). This number
does not depend on the choice of z or the arc σz in U .
Proof of the claim. First observe that IÎ(U, p) does not depend on the choice of σz
because if σ′z is any other arc in U joining f̂
k(z) to z, then I(σz ∗ (−σ′z), p) = 0
because p /∈ U , and U is simply connected. Thus I(γ̂kz ∗σz, p) = I(γ̂kz , p)+I(σz, p) =
I(γ̂kz , p) + I(σ
′
z, p) = I(γ̂
k
z ∗ σ′z, p) as required.
Now let z′ be another point in U , and fix an arc η in U joining z to z′. We
use the notation ηs(t) = η|[0,s](st) (so ηs is the sub-arc of η from η(0) to η(s)).
Letting σz′ = (−f̂k ◦ η) ∗ σz ∗ η, which is an arc in U joining f̂k(z′) to z′, we have
a homotopy (
γ̂kη(s) ∗ (−f̂k ◦ ηs) ∗ σz ∗ ηs
)
s∈[0,1]
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from γ̂kz ∗ σz to γ̂kz′ ∗ σz′ in R2 \ {p}, and therefore
I(γ̂kz ∗ σz, p) = I(γ̂kz′ ∗ σz′ , p),
proving the independence on the choice of z. 
As a consequence of the independence on the choice of z or σz in the previous
definition, we obtain the following
Proposition 4.3. Let U be the set from Definition 4.2, and suppose that there
is q ∈ U such that f̂k(q) = q (where k is the smallest positive integer such that
f̂k(U) = U). Then IÎ(U, p) = IÎ(q, p) = I(γ̂
k
q , p) for any p ∈ X̂ \ Û .
The proof is immediate by using z = q and the constant arc σz(t) = z in
Definition 4.2.
4.4. A linking lemma. The following lemma is key in the proof of Theorem B;
it is particularly useful when working with a gradient-like Brouwer foliation. Note
that we are not assuming in this section that f̂ is a lift of a torus homeomorphism.
Lemma 4.4. Let U ⊂ R2 be an open simply connected f̂ -periodic set, and assume
that there are no wandering points of f̂ in U . Let F̂ be an an oriented foliation
with singularities of R2 such that X̂ = Sing(F̂) and for each z ∈ R2 \ X̂, the arc γ̂z
is homotopic with fixed endpoints in R2 \ X̂ to an arc positively transverse to the
foliation.
Suppose Γ is a leaf of F̂ joining p ∈ X̂ \ U to q ∈ X̂ \ U and intersecting U .
Then either IÎ(U, p) 6= 0 or IÎ(U, q) 6= 0.
Proof. Let A be the annulus obtained by removing the points p, q from the one-point
compactification R2∪{∞} of R2; that is, A = R2∪{∞}\{p, q}, and let τ : A˜→ A be
the universal covering. Note that the isotopy Î|R2\{p,q} extends to A by fixing the
point at ∞, and this extension lifts to an isotopy I˜ = (f˜t)t∈[0,1] from IdA˜ to some
map f˜ = f˜1, which commutes with the group of covering transformations Deck(τ).
The foliation F̂ |R2\{p,q} also extends to A by adding a singularity at ∞, and this
extension lifts to a foliation F˜ of A˜ with singularities in X˜ = τ−1(X∪{∞}\{p, q}).
Because F is dynamically transverse to I, one easily sees that F˜ is also dynam-
ically transverse to I˜; i.e. , if z ∈ A˜ is not fixed by I˜, then the arc (f˜t(z))t∈[0,1] is
homotopic with fixed endpoints in A \ X˜, to an arc positively transverse to F˜ .
Let U˜ be a connected component of τ−1(U). Then U˜ is simply connected,
and τ |U˜ is injective. Moreover, f˜k(U˜) = TU˜ for some covering transformation
T ∈ Deck(τ), where k is the least positive integer such that fk(U) = U .
We will show that T 6= Id. Suppose for contradiction that f˜k(U˜) = U˜ . Let
z ∈ [Γ] ∩ cl(U), choose z˜ ∈ τ−1(z), and let Γ˜ be the leaf of F˜ through z˜ (so that
τ(Γ˜) = Γ). From the fact that the ω-limit and α-limit of Γ are q and p, respectively,
it follows that Γ˜ is a proper embedding of R in A˜ ' R2. Thus A˜\[Γ˜] has exactly two
connected components, and the fact that F˜ is dynamically transverse implies that
Γ is a Brouwer line; i.e. , f˜(Γ˜) and f˜−1(Γ˜) belong to different connected components
of A˜ \ [Γ˜]. This implies that one of the connected components V of A˜ \ [Γ˜] satisfies
f˜(clV ) ⊂ V . It follows from this fact that every point of [Γ˜] is wandering for f˜ ;
in particular z˜ is wandering for f , so there is a neighborhood W of z˜ such that
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f˜n(W )∩W = ∅ for all n ∈ N. But τ(W )∩U 6= ∅, because z = τ(z˜) ∈ ∂ U ; thus we
can find T ′ ∈ Deck(τ) such that T ′U˜ ∩W 6= ∅ (see Figure 3). Since f˜ commutes
with the Deck transformations, it follows that f˜k(T ′U˜) = T ′U˜ , and since τ |T ′U˜
is injective and fk has no wandering points in U , we conclude that f˜k has no
wandering points in T ′U˜ , contradicting the fact that U˜ ∩W 6= ∅.
Figure 3. Proof of Lemma 4.4
Thus T 6= Id. Fix z˜ ∈ U˜ , and as in the previous section, let γ˜z˜ denote the loop
(f˜(z˜))t∈[0,1] and γ˜kz˜ = γ˜z˜ ∗ γ˜f˜(z˜) · · ·∗ γ˜f˜k−1(z˜). Choose any arc σ˜z˜ in T U˜ joining f˜k(z˜)
to T z˜. Then letting z = τ(z˜) and σz = τ ◦ σ˜z, it follows that τ ◦ (γ˜kz˜ ∗ σ˜z) = γ̂kz ∗ σz
is a homotopically nontrivial loop in A, since it lifts to a loop joining z˜ to T z˜. Of
course it is still homotopically nontrivial in A\{∞} = R2 \{p, q}. This means that
I(γ̂kz ∗ σz, p) 6= 0 or I(γ̂kz ∗ σz, q) 6= 0. Since σz is an arc in U joining f̂k(z) to z, it
follows from the definition that IÎ(U, p) 6= 0 or IÎ(U, q) 6= 0, as claimed. 
Remark 4.5. Looking at the above proof in more detail, one may conclude the
following more precise statement: There is k > 0 such that I(p, U) + I(q, U) = k.
To see this, we may choose a simple loop α in R2 that bounds a disk containing p
but not q, with α oriented clockwise, as a generator of Deck(A). That is, we may
assume that Deck(A) = {T k0 : k ∈ Z} where T0 is a covering transformation of τ
such that T0(α˜(0)) = α˜(1), where α˜ is any lift of α to A˜. Further, we may choose
α such that it is positively transverse to Γ. In this setting, when we conclude that
T 6= Id in the proof above, the orientation of Γ (from p to q) implies that T = T k0
for some k > 0. Therefore the loop γ̂k ∗ σz is homotopic to αk in A, so that
I(γ̂k ∗σz, p) + I(γ̂k ∗σz, q) = I(αk, p) + I(αk, q). One can conclude easily from this
fact that I(p, U) + I(q, U) = k.
4.5. Application to gradient-like foliations. Let us assume in this subsection
the same hypotheses of §3.3, i.e. f : T2 → T2 is a nonwandering homeomorphism
homotopic to the identity with a totally disconnected set of fixed points and f̂ is a
lift of f . Let F and I be the oriented foliation with singularities and the isotopy
given by Proposition 3.10, so that
• Sing(F) ⊂ pi(Fix(f̂)),
• I lifts to an isotopy Î = (f̂t)t∈[0,1] from IdR2 to f̂ ,
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• F is dynamically transverse to I, and
• I fixes the singularities of F (and Î fixes the singularities of F̂)
We assume additionally that F is gradient-like. Denote F̂ the lift of F to R2,
and let X̂ = Sing(F).
Proposition 4.6. For each k ∈ N, there is a constant Mk such that if U ⊂ R2 is an
open simply connected f̂k-invariant set without wandering points and diam(U) >
Mk, then U ∩ X̂ 6= ∅.
Proof. Since F is gradient-like, there is a constant M ′ such that every regular leaf
Γ of F̂ connects two different elements of X̂ and diam(Γ) < M ′. Let
M ′′ = sup
{‖f̂t(x)− f̂s(x)‖ : s, t ∈ [0, 1], x ∈ [0, 1]2} .
From the fact that f̂ commutes with integer translations, we have that diam([γ̂x]) ≤
M ′′ for any x ∈ R2.
Let k be the smallest positive integer such that f̂k(U) = U . Since f̂k|U is
nonwandering (because f̂ |U is), Proposition 1.7 implies that f̂k has a fixed point z
in U . Define
A =
{
p ∈ X̂ \ U : IÎ(z, p) 6= 0
}
.
Observe that A coincides with the set of all p ∈ X̂ \U such that I(γ̂kz , p) 6= 0, which
is contained in the convex hull of [γ̂kz ]. Since diam([γ̂
k
z ]) ≤
∑k−1
i=0 diam([γ̂fi(z)]) ≤
kM ′′, we conclude that A ⊂ BkM ′′(z) (the ball of center z and radius kM ′′).
On the other hand, by Proposition 4.3 it follows that
A =
{
p ∈ X̂ : IÎ(U, p) 6= 0
}
.
Suppose that diam(U) > Mk
.
= 2(kM ′′ + M ′). We claim that U intersects X̂.
Figure 4. Proof of Proposition 4.6
Suppose on the contrary that U ∩X̂ = ∅. There is some point x ∈ U \BkM ′′+M ′(z),
and by our assumption x /∈ X̂. See Figure 4. The leaf Γ of F̂ through x is such
that diam(Γ) < M ′, and so its endpoints are two elements of p, q of X̂ \BkM ′′(z).
Since U ∩ X̂ = ∅, Lemma 4.4 implies that either IÎ(U, p) 6= 0 or IÎ(U, q) 6= 0, so
that either p or q is in A. This contradicts the fact that A ⊂ BkM ′′(z). 
As an immediate consequence we have the following
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Corollary 4.7. Any f̂ -periodic free topological disk without wandering points is
bounded (by a bound that depends only on the period).
Proposition 4.8. If U is an f̂ -periodic simply connected open set intersecting X̂
and there are no wandering points of f̂ in U , then every leaf of F̂ that intersects U
has one endpoint in U .
Proof. Let k be the smallest positive integer such that f̂k(U) = U , and let z ∈
U ∩ X̂. Since f̂k(z) = z, Proposition 4.3 implies that IÎ(U, p) = IÎ(z, p) for any
p ∈ X̂ \ U . Since z ∈ X̂ is fixed by the isotopy, it follows that IÎ(z, p) = 0 and
therefore IÎ(U, p) = 0 for any p ∈ X̂ \ U .
Suppose that a regular leaf Γ of F̂ intersects U , and let p1 and p2 be the endpoints
of Γ. If neither p1 nor p2 is in U , then Lemma 4.4 implies that IÎ(U, pi) 6= 0 for some
i ∈ {1, 2}, contradicting our previous claim. Therefore, one of the two endpoints of
Γ belongs to U . 
5. A bound on invariant inessential open sets: Proof of Theorem B
This section is devoted to the proof of
Theorem (B). If f : T2 → T2 is a nonwandering non-annular homeomorphism
homotopic to the identity then one and only one of the following properties hold:
(1) There exists a constant M such that each f -invariant open topological disk
U satisfies D(U) < M ; or
(2) Fix(f) is fully essential and f is irrotational.
Let us outline the steps of the proof of Theorem B. First we use the fact that f
is non-annular to show that if Fix(f) is essential, then it is fully essential, and case
(2) holds. Next, assuming the theorem does not hold, we show that it suffices to
consider the case where Fix(f) is totally disconnected, by collapsing the components
of the filling of Fix(f). For such f , and assuming that there are arbitrarily ‘large’
invariant open topological disks, we show that there is a gradient-like Brouwer
foliation associated to a lift f̂ of f . Then we show that the invariant topological
disks are bounded, as follows: if there is an unbounded invariant topological disk
U , using the linking number defined in §4, and more specifically Proposition 4.8,
we have that every leaf of the foliation that intersects U has an endpoint in U .
Using this fact and a geometric argument relying on the fact that f is non-annular,
we are able to conclude that the boundary of U consists of singularities of the
foliation (contradicting the fact that the set of singularities is totally disconnected).
After this, we are able to obtain a sequence of pairwise disjoint bounded simply
connected invariant sets with increasingly large diameter, and a variation of the
previous argument leads again a contradiction.
5.1. The case where Fix(f) is essential.
Proposition 5.1. Under the hypotheses of Theorem B, suppose Fix(f) is essential.
Then Fix(f) is fully essential, and there is a lift f̂ of f such that pi(Fix f̂) = Fix(f).
Moreover, ρ(f̂) = {0} (i.e. f is irrotational).
Proof. If Fix(f) is essential but not fully essential, then T2 \Fix(f) is essential, and
so it has some essential connected component A. The fact that Fix(f) is essential
implies that A is not fully essential, and so it must be annular. Since connected
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components of T2 \ Fix(f) are permuted by f , A is a fixed annular set for fk for
some k > 0, and so fk is annular by Proposition 1.4. Moreover, since f has a fixed
point, by the same Proposition we conclude that f is annular. This contradicts our
hypothesis.
Thus Fix(f) is fully essential, and there is some fully essential connected com-
ponent K of Fix(f). Fix z0 ∈ K and let f̂ be a lift of f such that f̂(ẑ0) = ẑ0 for
any ẑ0 ∈ pi−1(z0). We claim that pi−1(K) ⊂ Fix(f̂). Indeed, the map defined by
z 7→ f̂(ẑ) − ẑ for ẑ ∈ pi−1(z) is well defined on T2 and continuous, and it takes
integer values on K. Since it is null at z0 and K is connected, it must be constantly
zero on K. Thus K ⊂ pi(Fix(f̂)) (so Fix(f) is fully essential).
Let us prove that f is irrotational. Suppose for contradiction that ρ(f̂) 6= {0}.
Then ρ(f̂) has some nonzero extremal point w, and so by Proposition 1.1, there
is an f -ergodic Borel probability measure µ on T2 such that µ-almost every point
x ∈ T2 is such that, if x̂ ∈ pi−1(x), then
lim
n→∞
f̂n(x̂)− x̂
n
= w.
By Poincare´ recurrence, we may choose a recurrent x ∈ T2 such that the above
condition holds. Let x̂ ∈ pi−1(x) and let U be the connected component of R2 \
Fix(f̂) that contains x̂. From Theorem 1.8 we know that f̂(U) = U . Moreover, since
pi(U) is disjoint from K, which is fully essential, we have that pi(U) is inessential,
so pi|U is injective. Since x is recurrent, there is a sequence (nk)k∈N of integers
with limk→∞ nk = ∞ such that fnk(x) → x as k → ∞. Since pi|U is injective,
it conjugates f̂ |U to f |pi(U). In particular, f̂nk(x̂) → x̂ as k → ∞. But then
(f̂nk(x̂) − x̂)/nk → 0 6= w as k → ∞, contradicting our choice of x. This shows
that f is irrotational.
The claim that pi(Fix(f̂)) = Fix(f) follows from the fact that f is irrotational.

Proposition 5.2. Under the hypotheses of Theorem B, if Fix(f) is essential, then
it is fully essential, and for each M > 0 and v ∈ Z2∗ there is some connected
component U of T2 \ Fix(f) such that Dv(U) > M .
Proof. The previous proposition implies that Fix(f) is fully essential and Fix(f̂) =
pi−1(Fix(f)). Each connected component of R2 \Fix(f̂) is f̂ -invariant. If there is a
uniform bound on the diameter of such components, then one has a uniform bound
on |f̂n(z)− z| for z ∈ R2, n ∈ Z, contradicting the fact that f is non-annular. 
5.2. The case where Fix(f) is inessential. To complete the proof of Theorem
B we will assume from now on that the theorem does not hold, and we will seek
a contradiction. Thus we assume that there exists f such that the hypotheses of
the theorem hold but the thesis does not. The previous two propositions imply
that Fix f is essential if and only if case (2) of the theorem holds. Therefore, we
may assume that Fix f is inessential and item (1) does not hold. This means that
for any M there exists an open connected f -invariant topological disk U such that
diam(U) > M .
5.3. Fixing a lift f̂ .
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Claim 1. There is a lift f̂ of f and a sequence (Un)n∈Z of open f̂ -invariant topo-
logical disks in R2 such that pi(Un) is inessential and diam(Un)→∞ as n→∞.
Proof. There are f -invariant topological disks of arbitrarily large diameter, and
each contains a fixed point of f by Proposition 1.7. The claim follows from the fact
that only finitely many lifts of f may have fixed points. 
From now on we will work with the lift f̂ and the sequence (Un)n∈N from the
previous claim.
Claim 2. Un + v ⊂ Ω(f̂) for all n ∈ N and v ∈ Z2.
Proof. Since pi(Un+ v) = pi(Un) is inessential, pi|Un+v is a homeomorphism onto its
image which conjugates f̂ |Un+v to f |pi(Un). Since the latter is nonwandering, so is
f̂ |Un+v, implying that Un + v ⊂ Ω(f̂). 
5.4. Simplification of Fix(f). We will show that it is possible to assume that
Fix(f) is totally disconnected, by collapsing the connected components of Fill(Fix(f))
to points, while keeping all the hypothesis. To do so, we need to rule out the pos-
sibility that this process leads to a situation where there are no longer arbitrarily
large simply connected sets.
Claim 3. For each M ∈ R there is an open connected f̂ -invariant set U ⊂ R2 \
Fix(f̂) such that pi(U) is inessential and diam(U) > M .
Proof. Let U be the family of all open connected inessential subsets of T2\pi(Fix(f̂))
which are the projection of an f̂ -invariant subset of R2. We want to show that
supV ∈U D(V ) =∞. Suppose for contradiction that D(V ) ≤M for all V ∈ U .
Since diam(Un) → ∞, we may find v ∈ Z2∗ such that diam(Pv(Un)) → ∞,
and since we are assuming that Fix(f) is inessential, there is a simple loop γ ⊂
T2 \ Fix(f) with homology class v⊥, so that γ lifts to an arc γ̂ joining a point z0
to z0 + v
⊥ and disjoint from Fix(f̂). To simplify the notation, we will assume that
v = (1, 0) and [γ̂] = {0} × [0, 1]. The general case is analogous (in fact we can
reduce the general case to this case by conjugating f by an appropriately chosen
homeomorphism).
We will show that for any given m > 0 we can find m pairwise disjoint subarcs
γ1, . . . , γm of γ such that [γi] ∩ f([γi]) 6= ∅ for each i ∈ {1, . . . ,m}. This is enough
to complete the proof of the claim, because it leads to a contradiction as follows:
Since f has no fixed point in γ, we may choose m such that d(f(x), x)) > 1/m for
each x ∈ [γ]. Since the arcs γi are pairwise disjoint and γ has length 1 (because
we are assuming it is a vertical circle), one of the arcs γi has diameter at most
1/m. Since f(γi) intersects γi, it follows that there is a point x ∈ [γi] such that
d(f(x), x) ≤ 1/m, contradicting our choice of m. This contradiction completes the
proof, assuming the existence of the arcs γi. We devote the rest of the proof to
prove the existence of such arcs.
Let N0 ∈ N be such that N0 > M , and denote Γ = {0} × R. If m ∈ N is fixed
and n is chosen large enough, then there is i0 such that Un intersects Γ + (N0i, 0)
for each i ∈ {i0, i0 + 1, . . . , i0 + m + 1}. Fix i ∈ N with i0 < i ≤ i0 + m, and
let p1 ∈ Un ∩ (Γ + (N0(i − 1), 0)) and p2 ∈ Un ∩ (Γ + (N0(i + 1), 0)). Then p1
and p2 are in different connected components of Un \ (Γ + (N0i, 0)). From this
and from the fact that Un is a topological disk, it is easy to verify that there is
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a connected component γ̂i of Un ∩ (Γ + (N0i, 0)) that separates p1 from p2 in Un;
that is, Un \ [γ̂i] contains p1 and p2 in different connected components V1 and
V2, respectively. Since γ̂i is a cross-cut of Un (i.e. a simple arc in Un joining two
points of its boundary), we have Un \ [γ̂i] = V1 ∪ V2. Since V1 ⊂ Un intersects
Γ + (N0(i − 1), 0) and has a point of Γ + (N0i, 0) in its boundary, it follows that
diam(V1) ≥ N0 > M . Because of this, V1 cannot be contained in Un \ Fix(f̂):
otherwise, the connected component of Un \ Fix(f̂) that contains V1 would be an
element of U (since Theorem 1.8 implies that it is f̂ -invariant), contradicting our
assumption that diam(V ) ≤ M for all V ∈ U . Hence, V1 contains a fixed point of
f̂ . Similarly, since V2 ⊂ Un intersects Γ + (N0(i+ 1), 0) and its boundary intersects
Γ + (N0i, 0), we have diam(V2) ≥ N0 > M and we conclude in the same way that
V2 contains a fixed point of f̂ .
Therefore f̂(V1) ∩ V1 6= ∅ and f̂(V2) ∩ V2 6= ∅, and since V1 ∪ V2 = Un \ [γ̂i]
and f̂ |Un is nonwandering, it follows from these facts that f̂([γ̂i]) ∩ [γ̂i] 6= ∅. To
complete the proof, observe that the arcs γ̂i0+1, . . . , γ̂i0+m thus obtained project to
pairwise disjoint subarcs γ1, . . . , γm of γ, because they are pairwise disjoint subarcs
of pi−1([γ]) ∩ Un, and Un projects to T2 injectively. 
Claim 4. We may assume that Fix(f) is totally disconnected.
Proof. The previous claim implies that there exists a sequence (V̂n)n∈N of open
connected f̂ -invariant subsets of R2\Fix(f̂) such that diam(V̂n)→∞ as n→∞ and
Vn = pi(V̂n) is inessential for each n ∈ N. This implies that Vn ⊂ T2\Fix(f), because
the fact that Vn projects injectively implies that any element of pi
−1(Fix(f)) ∩ Vn
must be a fixed point of f̂ .
Since Fix(f) is inessential, so is K = Fill(Fix(f)). Moreover, by Proposition 1.3
there is a uniform bound on D(C) among the connected components C of K. Since
D(Vn)→∞, this implies that there is n0 such that Vn ⊂ T2 \K if n ≥ n0.
Proposition 1.6 implies that there is a continuous surjection h : T2 → T2 homo-
topic to the identity and a homeomorphism f ′ : T2 → T2 such that hf = f ′h, and
additionally h(K) is totally disconnected (h collapses components of K to points)
and h|T2\K is a homeomorphism onto T2 \ h(K). Furthermore, since every com-
ponent of K contains a fixed point of f , and there are no fixed points outside K,
it follows that h(K) = Fix(f ′). The map f ′ is clearly nonwandering, and the sets
(h(Vn))n≥n0 provide a sequence of simply connected open f
′-invariant subsets of
T2 \ Fix(f ′). Moreover, since h is homotopic to the identity, if ĥ : R2 → R2 is a
lift of h then there is a constant M ′ such that ‖ĥ(x)− x‖ < M ′ for all x ∈ R2. If
V̂n is a connected component of pi
−1(Vn), then ĥ(V̂n) is a connected component of
pi−1(h(Vn)) and
D(h(Vn)) = diam(ĥ(V̂n)) ≥ diam(V̂n)− 2M = D(Vn)− 2M −−−−→
n→∞ ∞.
Hence D(Fill(h(Vn))) → ∞ as n → ∞, and since Fill(h(Vn)) is an f ′-invariant
topological disk, we have that f ′ satisfies the hypotheses but not the thesis of the
theorem. Thus, by working with f ′ instead of f since the beginning of the proof of
the theorem, we may have assumed that Fix(f) is totally disconnected. 
5.5. Unboundedness in every direction of the sets Un.
Claim 5. diam(Pv(Un))→∞ as n→∞ for each v ∈ Z2∗.
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Proof. Suppose the claim does not hold. Then, after passing to a subsequence
of (Un)n∈N, we may assume that there is v ∈ Z2∗ and a constant M such that
diam(Pv(Un)) ≤M for all n ∈ N. Let
A =
⋃
k∈Z
⋃
n∈N
Un + kv⊥.
The fact that diam(Un)→∞ implies that the sets
V − = P−1v ((−∞,−M)) and V + = P−1v ((M,∞))
are contained in different connected components of R2 \ A. Let us call these com-
ponents V˜ + and V˜ −, respectively.
Note that since each Un is f̂ -invariant, we have f̂(A) = A, and so the connected
components of R2 \ A are permuted by f̂ . The fact that f̂(x) − x is uniformly
bounded implies that f̂(V˜ +) = V˜ + and f̂(V˜ −) = V˜ −. Since V − ⊂ V˜ − and V˜ − is
disjoint from V˜ + ⊃ V +, we have
P−1v ((−∞,−M ′)) ⊂ V˜ − ⊂ P−1v ((−∞,M ′)),
and we conclude from Proposition 1.5 that f is annular. This contradicts the
hypothesis of the theorem, proving the claim. 
5.6. Maximality and disjointness of Un.
Claim 6. We may assume that each Un is maximal with respect to the property
of pi(Un) being open, f -invariant and simply connected (i.e. Un is not properly
contained in a set with the same properties).
Proof. By a direct application of Zorn’s Lemma, there exists an open simply con-
nected f -invariant set U˜ ′n ⊂ T2 such that pi(Un) ⊂ U˜ ′n and U˜ ′n is maximal with the
property of being open, f -invariant, and simply connected. The connected compo-
nent U˜n of pi
−1(U˜ ′n) that contains Un satisfies the required properties, so we may
replace Un by U˜n for each n ∈ N. 
Claim 7. If Un and Um are bounded and pi(Un)∩pi(Um) 6= ∅ then pi(Un) = pi(Um).
Proof. If pi(Un)∩pi(Um) 6= ∅, then there exists w ∈ Z2 such that Un∩(Um+w) 6= ∅.
Let U = Fill(Un∪(Um+w)), which is bounded and f̂ -invariant. Suppose that pi(U)
is essential. Then there is v ∈ Z2∗ such that U ∩ (U + v) 6= ∅. Let V =
⋃
k∈Z U +kv.
The fact that U is bounded implies that diam Pv⊥(V ) <∞. However, V is at the
same time f̂ -invariant. Similar to previous cases, an application of Proposition 1.5
now shows that f̂ is annular, contradicting the hypothesis of the theorem. Thus
pi(U) is inessential, and since U is filled and connected, pi(U) is an open f -invariant
topological disk which contains pi(Un) and pi(Um). It follows form the maximality
of pi(Un) and pi(Um) that pi(Un) = pi(U) = pi(Um), as claimed. 
Claim 8. We may assume that the disks (pi(Un))n∈N are either pairwise disjoint
or all equal to pi(U0).
Proof. Assume first that Un is unbounded for some n. Then we may assume that
Um = Un for each m ∈ N, and all the required hypotheses hold. Now assume that
each Un is bounded. Since by our hypothesis diam(Un) → ∞ as n → ∞, for each
n ∈ N we may find m ∈ N such that diam(Um) > diam(Uk) for all k ∈ {1, . . . , n},
so that pi(Um) 6= pi(Uk) for all k ∈ {1, . . . , n}. Using this fact, we may extract a
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subsequence of (Un)n∈N which projects to pairwise distinct disks, and these disks
must be pairwise disjoint due to the preivous claim. 
5.7. Obtaining a gradient-like Brouwer foliation. Since from Claim 4 we are
assuming that Fix(f) is totally disconnected, by Proposition 3.10 we know that
there is an oriented foliation F with singularities X = Sing(F) and an isotopy
I = (ft)t∈[0,1] from the identity to f fixing X pointwise, such that I lifts to the
isotopy Î = (f̂t)t∈[0,1] from the identity to f̂ and such that for any z ∈ T2 \ X
the arc (ft(z))t∈[0,1] is homotopic with fixed endpoints in T2 \ X to a positively
transverse (to F) arc. The set X̂ = pi−1(X̂) ⊂ Fix(f̂) is the set of singularities of
F̂ and is fixed by Î. For each z ∈ R2 \ X̂, the arc (f̂t(z))t∈[0,1] is homotopic with
fixed endpoints in R2 \ X̂ to a positively transverse (to F̂) arc.
Our purpose now is to apply Proposition 3.11 to show that F is gradient-like.
In view of Remark 3.12, it suffices to find v1, v2, v3, v4 ∈ Z2∗ such that 0 is in the
interior of the convex hull of {v1, v2, v3, v4} and for each i a positively transverse
arc γi in R2 \ X̂ such that γi(1) − γi(0) = vi. Indeed this would imply that C(z)
contains 0 in the interior of its convex hull for some z ∈ T2 and thus that F is
gradient-like.
Claim 9. For each v ∈ Z2∗ there is x ∈ R2 \ X̂ and w ∈ Z2∗ \Rv such that there are
positively transverse arcs from x to x+ w and from x to x− w.
Proof. Since R2 \ X̂ is connected, for any z ∈ R2 \ X̂ we may find an arc γ joining z
to z+v in R2\X̂. Let Γ = ⋃n∈Z[γ]+nv. By Claim 5, Pv⊥(Un)→∞. In particular,
given m ∈ N there is n = nm such that Pv⊥(Un) > diam(Pv⊥(Γ))+(m+1)
∥∥v⊥∥∥. It
follows that Un+ iv
⊥ intersects Γ for at least m consecutive values of i. Thus there
is a set {(i1, j1), . . . , (im, jm)} ⊂ Z2 such that Un + ikv⊥ + jkv intersects [γ] for
1 ≤ k ≤ m and ik = i0+k for some i0 ∈ Z. Choosing one point in each intersection
[γ] ∩ (Un + ikv⊥ + jkv), we get m points in [γ], and so by a pigeonhole argument
two of them must be a distance less than rm =
√
2 diam[γ]/ b√mc apart (where
byc is the largest integer not greater than y). Thus one can find xm ∈ [γ] such
that Brm(xm) intersects Un + ikv
⊥ + jkv for two different values of k. Note that
this implies that Brm(xm) intersects Un + u and Un + u
′ for two different elements
u, u′ ∈ Z2 such that u′ − u /∈ Rv (because ik 6= ik′ if k 6= k′).
Letting x be a limit point of (xm)m∈N one sees that for any r > 0, there are
arbitrarily large values of n for which there are at least two different elements
u, u′ ∈ Z2 such that Br(x) intersects both Un + u and Un + u′, and u′ − u /∈ Rv.
In particular, since Un+u ⊂ Ω(f̂) for all u ∈ Z2 and n ∈ N, this implies that x is
nonwandering for f̂ , so by Proposition 3.6 there is a neighborhood Vx of x such that
every point of Vx can be joined to any other point of Vx with a positively transverse
arc. But then we can find n ∈ Z and u, u′ ∈ Z2 such that w = u′ − u /∈ Rv and
Vx intersects both Un + u and Un + u
′, so that Un + u′ intersects both Vx and
Vx + w. If z0 ∈ Vx ∩ (Un + u′) and z1 ∈ (Vx + w) ∩ (Un + u′) then we can find
a positively transverse arc σ from x to z1 because of our choice of Vx, and we
may find a positively transverse arc α from z0 ∈ Un + u′ to z1 ∈ Un + u′ because
Un + u
′ is connected and contained Ω(f̂) (see Proposition 3.6). Finally, we may
find a positively transverse arc η from z1−w ∈ Vx to x, so that η+w is a positively
transverse arc from z1 to x + (u
′ − u). Therefore σ ∗ α ∗ (η + w) is a positively
transverse arc α̂ from x to x + w. The same argument can be repeated in the
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opposite direction, obtaining a positively transverse arc β̂ from x + w back to x,
which translated by −w provides a positively transverse arc from x to x−w. This
proves the claim. 
As explained before its statement, the previous claim together with Proposition
3.11 allow to conclude the following:
Claim 10. The foliation F is gradient-like.
5.8. Linking of the sets Un and points of X̂. Since F is gradient-like, every
regular leaf Γ of F̂ connects two different elements of X̂ and there is a uniform
bound diam(Γ) < M0.
Claim 11. We may assume that Un ∩ X̂ 6= ∅ for each n ∈ N.
Proof. By Claim 2, Un has no wandering points. By Proposition 4.6 there is M1
such that if diam(Un) > M1, then Un∩X̂ 6= ∅. Since diam(Un)→∞, by extracting
a subsequence and re-indexing, we may assume that Un ∩ X̂ 6= ∅ for all n. 
Claim 12. For any n ∈ N and v ∈ Z2, every regular leaf of F̂ that intersects
cl(Un + v) has one endpoint in Un + v.
Proof. Since Un intersects X̂ and X̂ is Z2-invariant, it follows that Un+v intersects
X̂, and the claim follows from Proposition 4.8 (recalling that f |Un+v is nonwander-
ing by Claim 2). 
5.9. Boundedness of Un.
Claim 13. Un is bounded for each n ∈ N.
Suppose for contradiction that U = Un is unbounded for some n. Then we may
have assumed from the beginning of the proof of the theorem that U = Un for
all n, since the hypotheses hold for that case. In particular, Claim 5 implies that
diam Pv(U) = ∞ for any v ∈ Z2∗. From now until the end of this subsection, we
seek a contradiction to prove Claim 13.
Let W be the union of U with all leaves of F̂ that intersect U . Observe that W
is open.
Claim 14. W ∩ (W + v) = ∅ for each v ∈ Z2∗.
Proof. Suppose for contradiction that this is not the case. Then some leaf Γ of
F̂ intersects both U and U + v. Thus Γ joins a point p ∈ U ∩ X̂ to a point
q ∈ (U ∩ X̂) + v, where 0 6= v ∈ Z2. Let γ be the subarc of Γ joining p to q, and
let σ be any arc in U + v joining q to p + v. Then γ ∗ σ is an arc joining p to
p + v. Hence Θ =
⋃
n∈Z[γ ∗ σ] + nv is a closed connected set that separates R2,
and Pv⊥(Θ) is bounded. The fact that diam Pv⊥(U) = ∞ implies that U + mv⊥
intersects Θ for some m ∈ Z, m 6= 0, and so U + mv⊥ intersects [γ ∗ σ] + nv for
some n ∈ Z. But U +mv⊥ is disjoint from [σ] +nv ⊂ U + (n+ 1)v, since otherwise
U+mv⊥−(n+1)v would intersect U , contradicting the fact that pi(U) is inessential
(noting that mv⊥ − (n + 1)v 6= 0, since m 6= 0). Therefore U + mv⊥ intersects
[γ] + nv. But since Γ + nv is a leaf of F̂ and it contains γ + nv, it follows from
Claim 12 that Γ + nv has one endpoint in U +mv⊥. On the other hand we know
that the endpoints of Γ + nv are p+ nv ∈ U + nv and q + nv ∈ U + (n+ 1)v, both
STRICTLY TORAL DYNAMICS 31
of which are disjoint from U +mv⊥ (since m 6= 0). This contradiction shows that
W ∩ (W + v) = ∅ for each v ∈ Z2∗.

Now let O = ⋃n∈Z f̂n(W ). Note that O is open, connected and f̂ -invariant.
Claim 15. O ∩ (U + v) = ∅ for each v ∈ Z2∗
Proof. Indeed, since W ∩ (W + v) = ∅, in particular W ∩ (U + v) = ∅. Since U + v
is invariant, it follows that f̂k(W ) ∩ (U + v) = ∅ for any k ∈ Z, and the claim
follows. 
Claim 16. O ∩ (O + v) = ∅ for each v ∈ Z2∗ (i.e. pi(O) is inessential).
Proof. If O ∩ (O + v) 6= ∅ and v 6= 0, since O is connected it contains an arc σ
joining some point z ∈ O to z + v ∈ O. If Θ = ⋃n∈Z[σ] + nv, then Θ is bounded
in the v⊥ direction, and the fact that diam(Pv⊥(U)) = ∞ implies that U + mv⊥
intersects Θ for some m ∈ Z, m 6= 0. But then U + mv⊥ intersects [σ] + nv for
some n ∈ Z, so that U + mv⊥ − nv intersects [σ] ⊂ O. Since mv⊥ − nv 6= 0, this
contradicts the previous claim. 
Claim 17. If a regular leaf Γ of F̂ intersects U , then it is contained in U .
Proof. Let O˜ = Fill(O). It follows from the properties of O that O˜ is simply
connected, f̂ -invariant, and pi(O˜) is still inessential. Thus O˜ is a simply connected
open f -invariant set that projects to an inessential set. Recalling that we are
assuming (since Claim 6) the maximality of U with respect to these properties,
and since U ⊂ O˜, we conclude that O˜ = U . If a leaf Γ of F̂ intersects U , then
by the definition of W and O˜ it follows that [Γ] ⊂ W ⊂ O ⊂ O˜ = U , proving our
claim. 
Claim 18. ∂ U ⊂ X̂
Proof. If this is not the case, there is some regular leaf Γ of F̂ such that [Γ]∩∂ U 6= ∅.
But Claim 12 implies that Γ has one endpoint in U , and thus by our previous claim
Γ is entirely in U , a contradiction. 
The last claim is the sought contradiction: since X̂ is totally disconnected, it
cannot contain the boundary of a topological disk. This contradiction completes
the proof of Claim 13, i.e. that Un is bounded for each n.
5.10. End of the proof of Theorem B. Now that we know that each Un is
bounded, Claim 8 implies that the sets pi(Un)n∈N are pairwise disjoint. To finish
the proof, we will repeat the same arguments from the proof of Claim 13, however
with the difference that now the sets Un are bounded, so the proofs of the claims
change (note that we could not have used these arguments prior to knowing that
the sets Un are pairwise disjoint, for which we needed to know that Un is bounded).
Recall that we are assuming that
• The sets (Un)n∈N are maximal in the sense of Claim 6.
• The sets (pi(Un))n∈N are pairwise disjoint.
• Un ∩ X̂ 6= ∅ for each n ∈ N.
Let W be the union of U1 with all leaves of F̂ that intersect U1. Observe that
W is open.
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Claim 19. W ∩ (W + v) = ∅ for each v ∈ Z2∗.
Proof. Suppose for contradiction that this is not the case. Then some leaf Γ of
F̂ intersects both U1 and U1 + v. Thus Γ joins a point p ∈ U1 ∩ X̂ to a point
q ∈ (U1 ∩ X̂) + v, where 0 6= v ∈ Z2. Let γ be the subarc of Γ joining p to q, and
let σ be any arc in U1 + v joining q to p + v. Then γ ∗ σ is an arc joining p to
p+ v. Letting Θ =
⋃
n∈Z[γ ∗ σ] + nv, the fact that diam Pv⊥(Un)→∞ as n→∞
implies that for any sufficiently large n, there is w such that Un + w intersects Θ,
and so Un + w intersects [γ ∗ σ] + kv for some k ∈ Z. But Un + w is disjoint from
[σ] + kv ⊂ U1 + (k + 1)v, since otherwise U1 + w − (k + 1)v would intersect Un,
contradicting the fact that pi(U1) 6= pi(Un). Therefore Un + w intersects [γ] + kv.
But since Γ + kv is a leaf of F̂ and it contains γ + kv, it follows from Claim 12
that Γ + kv has one endpoint in Un + w. On the other hand we know that the
endpoints of Γ are p+ kv ∈ U1 + kv and q + kv ∈ U1 + (k + 1)v, both of which are
disjoint from Un + w (again, because pi(U1) 6= pi(Un)). This contradiction shows
that W ∩ (W + v) = ∅ for each v ∈ Z2∗. 
Now let O = ⋃n∈Z f̂n(W ). Note that O is open, connected and f̂ -invariant.
Claim 20. O ∩ (U1 + v) = ∅ for each v ∈ Z2∗
Proof. Indeed, since W ∩ (W +v) = ∅, in particular W ∩ (U1 +v) = ∅. Since U1 +v
is invariant, it follows that f̂k(W ) ∩ (U1 + v) = ∅ for any k ∈ Z, and the claim
follows. 
Claim 21. O ∩ (O + v) = ∅ for each v ∈ Z2∗ (i.e. pi(O) is inessential).
Figure 5. Un has a translate intersecting Θ for at most two n
′s.
Proof. If O∩ (O+ v) 6= ∅ and v 6= 0, then W ∩ (O+ v) 6= ∅, This means that there
are leaves Γ1 and Γ2 of F̂ such that Γ1 has endpoints p1, q1 ∈ X̂ with p1 ∈ U1,
and Γ2 has endpoints p2, q2 ∈ X̂ with p2 ∈ U1 + v, and there is an integer k such
that fk(Γ2) ∩ Γ1 6= ∅. Let γ1 be a subarc of Γ1 from p1 to some intersection point
z ∈ fk(Γ2)∩ Γ1, and γ2 a subarc of fk(Γ2) from z to p2. Finally let σ be an arc in
U1 + v joining p2 to p1 + v.
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Like in the previous arguments, the fact that diam(Pv⊥(Un)) → ∞ as n → ∞
implies that when n is large enough, there is w ∈ Z2 such that Un + w intersects
[γ1 ∗ γ2 ∗ σ] + mv for some m ∈ Z, and as before, the fact that pi(Un) 6= pi(U1)
implies that Un +w is disjoint from [σ] +mv, so Un +w intersects either [γ1] +mv
or [γ2] +mv. This means that, if w
′ = w−mv, then Un +w′ intersects either Γ1 or
fk(Γ2). But since Un+w
′ is invariant, this implies that Un+w′ intersects either Γ1
or Γ2. Again, Claim 12 implies that one of the endpoints of Γ1 or Γ2 is in Un +w
′.
Since pi(p1) ∈ pi(U1) /∈ pi(Un) and similarly pi(p2) /∈ pi(Un), it follows that one of the
points q1 or q2 is in Un+w
′. Without loss of generality, suppose that q1 ∈ Un+w′.
Repeating the previous argument with another (sufficiently large) integer n′ > n,
we conclude that one of the points q1 or q2 is in Un′ +w
′′ for some w′′ ∈ Z2. Since
q1 ∈ Un+w′ which is disjoint from Un′+w′′ (because pi(Un′) 6= pi(Un)) we conclude
that q2 ∈ Un′ + w′′. See Figure 5.
But repeating this argument a third time, with some n′′ > n′, we conclude that
there is w′′′ ∈ Z2 such that Un′′ + w′′′ contains q1 or q2, and this is not possible
since Un′′ is disjoint from Un′ + w
′′ and Un + w′. This contradiction proves the
claim.

The next two steps are proved identically to Claims 17 and 18.
Claim 22. If a regular leaf Γ of F̂ intersects U1, then it is contained in U1.
Claim 23. ∂ U1 ⊂ X̂
Again, the last claim is a contradiction, since X̂ is totally disconnected. This
concludes the proof of Theorem B.
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